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Abstract

This paper introduces a new method for modeling risk averse behavior
with spectral risk measures. It is shown that recent approaches, using
phenomenological correspondences or results from robust statistics, gen-
erally do not generate consistent results.

Our method is based on the dual theory of choice. We show that it is
possible to encode preference relations in distorted probability measures,
which themselves induce admissible spectral risk measures. This way,
risk averse behavior can be mapped onto the risk spectrum defining a
spectral risk measure and can be quantified using a local Pratt-Arrow-like
coefficient.
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1 Introduction

Defining “risk” as the uncertainty of future returns of some financial position or
portfolio, the measurement of risk becomes a major concern of any institution
dealing with financial products. Financial science has formalized this uncer-
tainty by considering the random distribution of future returns (the so called
P|rofit]&L|oss|-distribution), and consequently, has given a formalized measure
of risk in terms of a functional of the P&L-distribution, i.e. a mapping p from
the space of random returns into the real numbers. The resulting real number
represents the quantity of risk inherent in a given P&L-distribution.

Within the theory of risk measures, two different perspectives can be coarsely
distinguished. On the one hand, minimal requirements for risk measures were
formulated with respect to the measuring process. This aspect is emphasized by
the comparison of risk and temperature measuring processes in |Acerbi| (2004,
p. 147). On the other hand, risk measures were used to model risk aversion
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of a decision maker in order to rationalize the decision process with respect to
different (financial) positions. This perspective is common in the field of risk-
reward models, dating back to Markowitz’ seminal theory of portfolio selection
(Markowitz,, 1952, |1959).

The definition and investigation of spectral risk measures by |Acerbi (2002),
in conjunction with their representation as weighted integral over quantiles of
the entire P&L-distribution, has recently triggered considerable research effort,
leading to some understanding of risk aversion in terms of weighting functions
in the integral kernel of spectral risk measures. However, a systematic con-
nection between decision theory and spectral risk measures, which is needed
to consistently model risk averse behavior using spectral risk measures is still
missing.

This triggered discussions in recent papers on how to relate classical expected
utility theory with spectral risk measures or more specifically, how to relate the
utility function with the weighting function defining a spectral risk measure.
Dowd et al.| (2008) and Tao et al. (2009) favor a purely phenomenological ap-
proach by choosing a utility function and simply assigning a weighting function
of the same type to the spectral risk measure. |Dowd et al.| found that spectral
risk measures, constructed in this way, not necessarily behave consistently with
the expectation of the chosen utility function. They interpreted this result as
systematic shortcoming and raised serious criticism on the concept of spectral
risk measuress. Sriboonchitta et al.| (2010) used results of robust statistics to
establish a formalized scheme for the direct calculation of weighting functions
from given utility functions. However, they did not provide nontrivial examples
to demonstrate the significance of their method.

The aim of this paper is to derive a systematic relation between the class of
spectral risk measures and decision theory in order to consistently model risk
averse behavior with spectral risk measures or conversely in order to be able to
interpret spectral risk measures consistently within the framework of decision
theory. To accomplish this task, we first review the results of|Dowd et al.| (2008]).
In particular, we show that their objections on the possibility of modeling risk
averse behavior with spectral risk measures is based on an artifact of their
calculation. Subsequently, the scheme proposed by [Sriboonchitta et al.| (2010)
is elaborated on nontrivial utility functions. Our results imply that this scheme
does not lead to a consistent relation between utility theory and spectral risk
measures. Therefore, we finally take a different approach by deriving a unique
connection between spectral risk measures and the dual theory of choice, using
results from actuarial literature; namely the premium principle and distortion
risk measures. We demonstrate that this connection represents the missing link
in providing a measure for subjective risk aversion in terms of the weighting
functions defining spectral risk measures.

The remainder of the paper is organized as follows: In section [2| a brief
introduction to spectral risk measures, decision theory, stochastic dominance,
and risk aversion is given for later reference. In section |3 the aforementioned
approaches of [Dowd et al, [Tao et al) and [Sriboonchitta et al| are briefly
reviewed and discussed. In section [d] a consistent relationship between spectral
risk measures and the dual theory of choice is constructed, using results from



actuarial literature. We also revisit examples of Dowd et al. (2008) to explain
their inconsistencies. A brief summary is given as concluding section

2 General theory

2.1 Spectral risk measures

Suppose LY(€2, F, P) to be the space of all measurable, real-valued functions (i.e.
random variables) on some probability space (€2, F, P). Further, suppose the
P&L of a financial position to be determined at some future time 7" by the state
of the world at that time, and to be fully described by some random variable X €
LY(, F, P) or its cumulative distribution function (P&L-distribution) Fx (z)
today. In what follows, we assume that all distribution functions are sufficiently
smooth. A spectral risk measure is defined as a functional p : L%(Q, F, P) — R
for which the following six axioms hold (Acerbi, 2004; Tasche, 2002]):

Al For all X,Y € L%, F, P) with X <Y holds: p(Y) < p(X)
(monotonicity).

A2 For all X € LO%Q, F,P), A € R and A\X € L%(Q, F, P) holds: p(AX) =
Ap(X) (positive homogeneity).

A3 For all X € L°(Q, F,P) and X € R holds: p(X + \) = p(X) — A

(translation invariance)

A4 Forall X,Y, X +Y € L%(Q, F, P) holds: p(X +Y) < p(X) + p(Y)
(sub-additivity).

A5 For all X,Y € L°(Q,F,P) with Fx(x) = Fy(x) for all x € R holds:
p(X) = p(Y) (law invariance).

A6 For all comonotonic X,Y € L%(Q, F, P) holds: p(X +Y) = p(X) + p(Y)
(comonotonic additivity).

The first four items are the well-known axioms of coherent risk measures as
postulated by Artzner et al.| (1999)). The remaining two axioms are special to
spectral risk measures, which thus constitute a subset of coherent risk measures.

Spectral risk measures can be expressed as weighted integral over the quan-
tiles of the P&L-distribution, whose risk is to be measured. Certain require-
ments on the weighting function ensure the validity of the axioms Al to AG6.
Conversely, any weighting function, which meets these requirements, defines a
spectral risk measure using the corresponding integral representation (cf.|Acerbi,
2002). Specifically, any function ¢ : [0,1] — R, with the properties

¢(p) >0 (positivity),
1

/ ©(p)dp =1 (normalization), and
0

©(p1) > ¢(p2) (monotonicity), for any p1 < po

1Obviously, p is defined as not being translational invariant, however, the axiom is known
under the misnomer “translation invariance” in financial literature.



defines a spectral risk measure

1 1
po(X) = —/0 e(p)Fx' (p)dp = —/0 ©(p)ax (p)dp, (1)

with Fi!(p) = gx(p) representing the quantile function of X (cf. Acerbi, 2002).
The weighting function ¢ is also referred to as risk spectrum (this term is used
in the remainder of this paper).

Generally, the choice of a particular weighting function cannot be moti-
vated from the set of axioms Al to A6. Two complementary approaches to
this problem can be distinguished with respect to the two perspectives on risk
measurement introduced in section On the one hand, a certain weighting
function may be chosen in order to obtain the best suited measuring instrument
for a given position or P&L-distribution (e.g. |Acerbi, [2004; Albanese and Lawi,
2004). On the other hand, the risk spectrum may be chosen in order to reflect
the subjective risk propensity of some decision maker. Focusing on this perspec-
tive, the risk spectrum ¢ is also called risk aversion function (cf. Acerbi, 2004]).
As stated in the introduction, the main contribution of this paper is to derive a
rigorous formalism for systemizing the latter approach.

2.2 Decision theory, stochastic dominance and risk aversion

Consider financial positions X, Y, ... with P&L-distributions as introduced in
the foregoing subsection. Decision theory describes a decision maker by his
preference relation, which allows him to make one of the following statements
about any two X,Y € L°(Q, F, P):

X =Y : X ispreferred to Y
X <Y : Y is preferred to X
X ~Y : indifference between X and Y.

Further assume that some function U : L°(§), F, P) — IR exists, which is a
representation of this preference relation in the sense that

X-Y < UX)>U®Y) (2)

holds for arbitrary X,Y (cf. |[Follmer and Schied) 2002)). The existence of a
representation of this kind can be enforced by imposing restrictions (axioms) on
the set of preference relations of the decision maker (cf. Puppe, 1991; Follmer
and Schied} 2002).

While classical preference relations, as introduced above, order the set of
alternatives {X,Y ...} completely, stochastic dominance separates the set into
two subsets: a dominated one, which can be discarded, and a non-dominated
one. Within the non-dominated subset, the alternatives remain unordered and
thus equivalent from the decision makers point of view. The following two
principles of stochastic dominance are commonly assumed to establish a specific
order, reflecting rational behavior of the decision maker (Bawa, 1975)).



The P&L-distribution of X is said to dominate the P&L-distribution of Y
by first-order stochastic dominance, if

Fx(z) < Fy ()

holds for all « € IR, and being strict for at least one x. Thus, given two financial
positions, a decision maker will always prefer the position, which for any given
return has a higher or equal probability of exceeding this return.

The P&L-distribution of X is said to dominate the P&L-distribution of Y
by second-order stochastic dominance, if

/_ OO Fy(€)dg < /_ Oo Py (€)d

holds for all x € IR, and being strict for at least one x. A decision maker
obeying this principle is risk averse in the sense that he prefers a particular P&L-
distribution over all its mean-preserving spreads, i.e. financial positions which
have the same expected return, but a higher probability of extreme outcomes
(cf. [Rothschild and Stiglitz, [1970; Bawal [1975)). This defines the notion of risk
aversion of a decision maker.

3 Spectral risk measures and expected utility theory

In this section, recent studies with the ambition to construct a relationship
between the risk spectrum ¢ and utility theory, such that

po(X) < p,(Y) & U(X) > U(Y) (3)

holds for all X,Y € L9(Q, F, P), are discussed. The validity of equation im-
plies that spectral risk measure and utility function (see next section) are equiv-
alent descriptions of the same unique preference relation of a decision maker. In
particular, by constructing a mapping between utility function and risk spec-
trum, the concept of risk aversion is operationalized consistently in the spectral
risk measure framework.

In subsection expected utility theory is reviewed and the utility func-
tion is introduced. Subsection critically discusses the phenomenological ap-
proaches of [Dowd et al.| and [Tao et al| with particular focus on the results
of Dowd et al.. The method of [Sriboonchitta et al.| is presented in subsection
It is shown that the method fails in consistently connecting expected utility
theory and spectral risk measures.

3.1 Expected utility theory

Expected utility theory assumes a particular representation of the preference
relation ([2)),
o0
UX)= / u(z)dFx(x) =: E,[X] (4)
—0o0
with a utility function w on the real numbers (cf. Follmer and Schied, 2002).
The basic idea is that decisions are not simply determined by the expected



future outcome E[X], but that a utility u(x) is assigned to any possible future
outcome z (cf. Bernoulli, |1738; |[Raiffa, 1970). Note that the utility function is
unique only up to linear transformations au(z) + b, with a,b € R and a > 0.
First- and second-order stochastic dominance (subsection can be en-
forced by restricting the set of admissible utility functions. Requiring % >0

ensures that first-order stochastic dominance is obeyed. Requiring % < 0 (con-
cave u) ensures second-order stochastic dominance and thus risk averse behavior
of the decision maker. In this context, Pratt (1964]) and |Arrow|(1971) introduced

a simple local measure of risk aversion, encoded in the utility function

v du
TPA(IE) = _@/%a (5>

e.g. [Keeney and Raiffa] (1993).

It can be shown that for a given preference relation, a representation of the
form (4)) exists if and only if the preference relation obeys a certain set of axioms
(von Neumann and Morgenstern, [1947; [Puppe, [1991). In particular, expected

utility theory requires the so called independence axiom (Raiffal [1970; Puppe,
1991))

IA For any X,Y,Z € L°(Q,F,P), x € R and A € [0, 1] holds:
X5 Y = APy (2) + (1 - NEs(x) » \Fy(2) + (1 — A)Fz(z).

3.2 Phenomenological approaches

The works of Dowd et al.| (2008) and [Tao et al.| (2009)) consider particular types
of utility functions and translate them into corresponding risk spectrums of a
similar type.

Dowd et al| consider the utility functions u; = —e *® with & > 0 and
ug = 177 with v > 0, and assign the corresponding risk spectrums @,(:)(p) =

e—k(l—p) _ _ _ _
ke M0 6P (p) = y(1 — p) ! for 4 € (0,1), and Y (p) = 47! for v > 1,

respectivelyﬂ Figureshows the resulting spectral risk measures P (X;) for a
standard normal distribution X; and a standard uniform distribution Xs. The
calculation of p¢<i)(X2) can be accomplished analytically, using the quantile
function ¢x,(p) = p, which yields

1 po—k(1-p)
ke 1 1
(X)) = [ = gy =(— =
) = [ i = (= )
1

1
i (Xo) = 1=V lpdp = ——
P (X2) /O’Y( p)"" pdp o

1
(X)) = T pdp = — L
Ppe (X2) /O’YP pdp = -

ZNote that [Dowd et al.| assign positive values to losses. In contrast to the remainder of
this paper, the convention is kept in this subsection to stay closer to the original work. To
indicate this, the risk spectrums carry a bar on top. The transformation from this convention
to the convention of negative values for losses is described in great detail in appendix El
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Figure 1: Spectral risk measure pu) (X) as function of the parameter of the risk
spectrum @) for X being a standard normal (solid) or a standard uniform (dashed)
distribution, respectively. Plot (A): risk spectrum cﬁg)(p) = ke MR (B):
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27 () = (1= p) 1, (C): @57 (p) = 9.

The calculation of p) (X1) is accomplished by first drawing a sample of 107 nor-
mally distributed random numbers, using the Box-Muller algorithm (cf. Knuth)
2009) with a random stream of the MT19937 generator of Matsumoto and
Nishimura (“Mersenne Twister”, |1998)). Then the integral is solved numeri-
cally by Gauss-Konrod integration. The quantiles are extracted from the simu-
lated sample by linear interpolation. The implementation was conducted using
standard functions from the GNU Scientific Library (version 1.14), see |Galassi
et al.| (2009) for a detailed reference.

The k-dependence of p) (Xj=1,2), figure(l| (A), is consistent with the inter-
pretation of k as indicator for the degree of risk aversion, because rap(z) = k and
p¢<1>(Xj:1,2) is isotonic in k£ and also trends to the worst-case loss for k — oo.
However, the y-dependence of p2) (X;j=1,2) in figure[l| (B) is not consistent with
7 as risk aversion indicator; rap(z) = v/z, but pse) (Xj=12) is antitoni(ﬂ The
7v-dependence of py(s (Xj=1,2) again is consistent, see also |Tao et al. (2009).

Dowd et al.| conclude correctly that ad hoc assigning a risk spectrum to a
given utility function can lead to inconsistent results, which they condense into
a general concern on the properties of spectral risk measures. It should however
be emphasized, that the above results occur not due to conceptual shortcomings
of spectral risk measures, but because of missing theoretical content in the in-

3Note that ﬁgure (B) contradicts figure 4 in |Dowd et al.| (2008]), which shows a maximum
at finite v for p) (Xj=1,2). Because the calculations in the present paper are conducted
analytically for X2, an error in the simulations of [Dowd et al| can not be ruled out. The
results in figures|l| (A) and (C) are perfectly identical to those in Dowd et al.| (2008).



terlink between utility and risk spectrum. An arbitrary choice of such functions
and subsequent interpretation of their parameters can lead to counterintuitive
results.

A further, more fundamental doubt, concerning the compatibility of spec-
tral risk measures and decision theory is brought forward in [Dowd et al. (2008)
in a footnote at the very end of their paper. It is hypothesized that the sign
of the derivative % Pg. (X) of a spectral risk measure with an arbitrary single-
parameter risk spectrum @, (p) can be changed by translation of the distribu-
tion of X. This argument implies that there is no single-parameter function,
on whose parameter the corresponding spectral risk measure monotonically de-
pends, which renders any interpretation of such a parameter in terms of risk
aversion impossible. The hypothesis is motivated by the observation that all re-
sulting terms in the derivative %p% (X) = 01 é39%.?@( (p)dp are linear in gx(p).
It is then concluded that one can add an arbitrary number A € IR to the distribu-
tion of X to translate the quantiles gx 1 (p) = ¢x(p) + A, in order to eventually
change the sign of the derivative. However, the following simple calculation
shows that this hypothesis is not correct. For any A € R holds

(X4 = [ / 1 @a(p)qXH(p)dp]

:% [/01 @a(p)qX(p)dp+)‘/01 @a(P)dp}

d

= 2o (X).
dap@a( )

Due to the normalization of @, the second term in the brackets is constant and
thus vanishes. This fact was obviously not considered in the argumentation of
Dowd et al.| (2008).

In summary, the phenomenological approaches discussed above are not suc-
cessful in connecting spectral risk measures and utility theory. A systematic
relationship in the sense of has to be established in order to reflect sub-
jective risk aversion using spectral risk measures. Within such a theory, the
inconsistencies presented above should vanish.

3.3 The approach of Sriboonchitta et al.

In a recent publication Sriboonchitta et al.| (2010) develop a calculation scheme
for the construction of a risk spectrum ¢ from a given utility function w. This
method is a candidate for a relationship of the form . However, they do not
present any nontrivial application.

Central to their method are two observations: First, the buying price pp(X)
of a random future P&L X, can be defined according to expected utility theory
as the real number, for which E,(X — pp) = 0 holds. Furthermore, it can
be estimated from a (hypothetical) random sample {x;}i—1 . n, by solving the
equation % Zf\il u(z; —pp) = 0. An equation of this form can be interpreted
as M-estimator aj; for the translation parameter a of a distribution functionlﬂ

4The index identifying the underlying random variable is suppressed from now on to sim-
plify the notation.



F,(z) = Fy(x — a) with density fo(z — a), by defining fy in terms of

u(z) =~ In[fo()) (6)

see |Sriboonchitta et al. (2010), and also Huber| (1981)). Second, an estimator
for a spectral risk measure p,(X) is given by p,(X) = % PR ¢(i/N)x(;), with
{®(@i)}i=1,.. N representing the sample in ascending order (Acerbi, 2002). Such
an equation is equivalent to an L-estimator aj, for the translation parameter a
of a distribution function F,(z) = Fy(x — a) with density fo(x — a) by defining
Fp in terms of
1 d?
p(Fo(2)) = —— =5 Inlfo(2)], (7)

where A normalizes ¢ (Sriboonchitta et al., |2010).

Given a utility function w(z) with «(0) = 0, the method of [Sriboonchitta,
et al.| consists of the following steps:

1. Calculate an auxiliary density fo(z) = exp [— [ u(t)dt], where c is used
to normalize fy.

2. Calculate the corresponding distribution function Fy(z) = [*_ fo(t)dt.

3. Calculate an auxiliary function ®(p) solving ®(Fp(x)) = —% In[fo(x)] =
d%u(x), or equivalently ®(p) = %u(z)|$:F0_1(p).

4. Calculate the norm A := fol ®(p)dp and the risk spectrum ¢(p) = ®(p)/A.

This scheme ensures that the estimators ay, and ajs estimate the same entity,
or equivalently that

pe(X) = —pB (8)

holds. This identification is the central hypothesis of [Sriboonchitta et all Un-
fortunately, the validity of this hypothesis is verified only in the trivial case of
a linear utility function u(x) = z, in which case p(p) = 1 follows immediately.
This leads to the fully consistent result p,(X) = —E[X]| = —pp.

As a nontrivial example, consider the exponential utility function u(z) =
1 — e™* with k£ > 0. This function was already contemplated by |Sriboonchitta
et al., but the calculations involved were considered too complex. Nevertheless
they can be performed, as shown in the appendix, where the complete results for
steps 1 to 4 of the calculation scheme are presented. For the auxiliary function

®(p), cf. and (29), one obtains

-1
Oy (p) = kexp [~kFy '(p)] with Fy(z) = kT [i] T [; iek:p} T

where I is the incomplete Gamma-function I[a, z] = [t te~'dt (Abramowitz
and Stegun, 1972, p. 260). With the norm A = k, cf. , the risk spectrum

or(p) = exp [—kF; ' (p)]



follows, which finally defines the corresponding spectral risk measure

Poi (X) = —/O exp [—kFy ' (p)] gx (p)dp. (10)

Again, gx(p) represents the quantile function of the P&L-distribution of the
financial position under consideration.

The buying price pp(X) according to the utility function u(z) = 1 — e is
calculated from

1 1
Eu[X —pB] = / u(gx(p) —pp)dp =1 — ckrs / e*qu(p)dp =0, (11)
0 0
yielding
1
p(X) = —%ln [/ equ(p)dp] . (12)
0

Thus, the central hypothesis of [Sriboonchitta et al| reads

1 B 1 1 )
/0 exp [—kFy ' (p)] ax (p)dp = ;I UO e kQX(p)dp}

in case of the exponential utility function u(x) =1 — e~k

In order to explore the implications of this result, consider the special
case k = 1 and X being uniformly distributed on [a,b]. Equation @ re-
duces to Fy(z) = exp[—exp[—z]] (Gumbel-distribution) and thus F, '(p) =
—In [—In[p]], yielding

pr=1(p) = —In[p].
The corresponding spectral risk measure p,,_, (X) = fol In[plgx (p)dp can be
easily evaluated using the quantile function gx(p) = (b — a)p + a,

Py (X) = /0 ln[p]((b —a)p+ a)dp = —i(b + 3a). (13)

For the buying price pp(X), one obtains

pp(X)=—In { /0 1 e<ba>wdp} =—1In [e_b__s_b] . (14)

In figure , Py, and pp(X) are displayed as function of the upper bound b of
the uniform distribution. Obviously, equation [§] does not hold.

The inconsistencies revealed so far motivate a closer investigation of relation
(8). Still consider u(z) = 1 — e~* with arbitrary k > 0, X1 ~ U(a,b) and
X9 ~ N(u,0). The buying price pp(X7) is a more general case of

e

pp(X1) = —In [ekb__akb] . (15)

The buying price pp(X2) can be calculated according to by solving
© 1 _ e*k(xpr)

—00 V2ro?

k202
=1—exp [—k‘(u—pB) + ] =0,

w2
E.[ X2 —pB] = =3 (551) d

10
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Figure 2: Buying price pp(X) (solid) and spectral risk measure p,,_, (X) (dashed) for
an exponential utility function u(x) = 1 — e~* and a uniform distribution X on [—5, ] as
function of b.

which yields
pB(X2) = p— So”. (16)

In order for hypothesis to be correct, —pp(X1) and —pp(X2) have to be
spectral risk measures, i.e. each has to obey the axioms Al to A6 of section
However, —pp(X1) obviously violates axiom A2 and —pp(Xs2) violates axiom
A1. It follows that neither —pp(X1) nor —pp(Xs) defines a spectral risk measure
(in fact, both are not even coherent) and thus hypothesis is violated.

Notice that similar results are obtained when the corresponding calculations
are performed for a power-law utility function u(x) = z® with a € (0,1) and
x > 0, also briefly mentioned in [Sriboonchitta et al.| (2010]).

In summary, for nontrivial applications the calculation scheme of [Sriboon-
chitta et al.| generates inconsistent results. Moreover, it was shown that the
fundamental hypothesis does not hold in general. Therefore, this method
also fails in establishing a relationship between expected utility and spectral risk
measures.

4 Distortion risk measures and decision theory

The overall result of the last section was a negative one: No consistent relation-
ship between spectral risk measures and decision theory has yet been identified.
In particular, the existing approaches to combine expected utility theory and
spectral risk measures were proven to be inadequate in general. This serves
as motivation to define risk measures from the somewhat different perspective
of the premium principle, originated in the actuarial literature. The premium

11



principle is introduced in subsection 4.1 and its application to expected util-
ity theory is shown to support the results of section [3] In subsection [£.2] the
dual theory of choice is introduced and contrasted with expected utility theory.
Eventually, the application of the premium principle to the dual theory of choice
serves as vehicle for the consistent modeling of risk aversion with spectral risk
measures in subsection

4.1 The Premium Principle

The starting point of the discussion is some arbitrary representation U of a
preference relation according to and the question, which premium P (risk
compensation) has to be received by an insurer, in order to make a specific risk
(encoded in the P&L-distribution) acceptable to him. The premium principle
states that the premium to be received has to obey an indifference relation of
the kind

UX + P)=U(0). (17)
The risk measure p(X) obtained by defining p(X) := P(X) by definition fulfills
the relation

p(X)<p(Y) = UX)>U(Y) forall X,Y e L°Q,F,P).

As a first example, consider expected utility theory and its representation
U(X) = E,[X] with utility function u, cf. (4). Within this representation, the
premium principle reads U(X + P(X)) = E,[X + P(X)] = 0. This so-
called “zero-utility premium principle” (cf. |Bithlmann, 2005) introduces a risk
measure, which is not coherent (Tsanakas and Desli, [2003). A comparison with
the definition of the buying price E,[X — pp| = 0 of section {| yields pp(X) =
—P(X), and thus p(X) = —pp(X), which is identical to the hypothesis of
Sriboonchitta et al., equation (§]). This confirms the results of subsection .

4.2 Dual theory of choice

Motivated by empirical and theoretical criticism on the independence-axiom TA
of section (Puppe, [1991; [Yaari, 1987)), alternative decision theories have been
derived by modifying this axiom (Puppe, 1991). Of particular importance for
the matter at hand is the dual theory of choice, which replaces the original
independence-axiom by the requirement

DA For any X,Y,Z € L°(Q, F, P), z € R and A € [0, 1] holds:
X 2Y = (AFx * (L= N)Fz)(z) = (AFy * (1 = \)Fz)(z).

The symbol * indicates convex convolution, i.e. the terms in brackets are the
distributions of the random variables AX 4 (1 —A)Z and A\Y + (1 — \)Z, respec-
tively. Thus, not the independence of the convex combinations of the distribu-
tions, but the independence of the convex combinations of the random variables
themselves is postulated.

In the framework of the dual theory of choice, preference relations have a
representation

U(X) = /Oo wd(ho Fx)(z) = Ep[X] (18)

—00
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with some isotonic distortion function h : [0,1] — [0, 1], obeying h(0) = 0
and h(1) =1 (Yaari, |1987; Tsanakas and Desli, |2003)). Unlike expected utility
theory, which focuses on the expected value of a transformed future P&L of
some position, the dual theory of choice considers the expected value of the
proper P&L with respect to a transformed distribution, which corresponds to a
change of the probability measure.

Second-order stochastic dominance or equivalently risk aversion of the de-
cision maker (subsection is guaranteed by requiring 227}21 < 0 (concave h,
cf. [Yaari, [1987)). Furthermore, an analog to the Pratt-Arrow-coefficient can be
defined by

d*h ,dh
dp? / dp
(Yaari, 1986). As mentioned before, we use a different sign convention and
therefore the original results translate from convex to concave and from positive
to negative.

rppA(p) = (19)

4.3 Modeling of risk aversion with spectral risk measures

Now consider the representation U(X) = Ej[X] of the dual theory of choice
. By applying the premium principle U(X + P(X)) = E;[X + P(X)] = 0,
one obtains the risk measure

o0
pn(X) == P(X) = -E,[X] = —/ xzd(ho Fx)(x),
—00
cf. section which is known as distortion risk measure in the actuarial lit-
erature, cf. (Dennebergl |1990; |Wangj, |1996; Denuit et al., [2006). Substituting
x = Fy'(p) yields

1 1
pn(X) = —/O qx (p)dh(p) = —/0 lequ(p)dp, (20)

which shows that pp(X) has the structure of a spectral risk measure. It can
indeed be shown that for a concave distortion function h the risk measure pp(X)
fulfills the axioms A1-A6 (Tsanakas and Desli, 2003, pp. 18). Thus, by the

definition
d

on(p) = @h(p) (21)

each concave distortion function induces a spectral risk measure pg, (X).
Equally, any risk spectrum ¢(p) defines a concave distortion function h(p) as
integral

h(p) = /0 ’ ¢(p)dp (22)

of the differential equation . Thus, spectral risk measures are by the cor-
respondences ([21)) and equivalent to distortion measures with concave dis-
tortion functions.

This equivalency allows for the following conclusion, which constitutes the
central result of this paper: Spectral risk measures can be derived from the
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premium principle using the representation U(X) = Ej[X] of the dual theory
of choice. Thus, for any spectral risk measure p,,(X) the relation (3), i. e.

Po(X) < pp(Y) & Ep[X] > EL[Y] forany X,Y € LY(Q, F, P),

naturally holds for h(p) given by . Thus, any spectral risk measure uniquely
reflects some preference relation, encoded in h(p), which is consistent with the
dual theory of choice. Furthermore as any risk spectrum corresponds to a con-
cave distortion function, cf. equation , spectral risk measures reflect risk
aversion of the decision maker, cf. [£.2] Coming from the other direction, any
risk averse behavior of a decision maker, whose preference relation is consistent
with the dual theory of choice, can be encoded in a risk spectrum, and eventually
be modelled by a spectral risk measure.

The correspondence between distortion function h(p) and risk spectrum
©(p) allows for the definition of a local measure for the risk aversion encoded in
a given risk spectrum. Putting into the modified Pratt-Arrow-coefficient

DPA, equation (19)), gives

d?h  dh dpp
TDPA(P) = _dipg/% = —%/Sﬁh@)

Thus by defining
) =~ /(o) (23)
r = ——"
SPA(P dp p\p
a local measure of risk aversion (’spectral Pratt-Arrow’ [SPA]) in terms of the
risk spectrum ¢ in the integral representation of the spectral risk measure is
defined. As illustration, consider a small Ap > 0 and expand the relative change
of the risk to linear order:
(0~ 8p)fonp) %1~ — Ay = T b rsea(p)p. (20
Prlp —Ap)/PrP) =L — —F/<——Ap = TSPA(P)AD-
en(p) dp
The coefficient rgpa(p) thus measures the relative increase in weight of the
quantiles in the direction of higher losses. Equation can also be understood
as differential equation to construct a risk spectrum ¢(p) from a given degree
of risk aversion rgpa (p).
The subsection concludes with four examples referring to former discussions.

Example 1: The constant risk spectrum ¢, (p) = 1 corresponds to the linear
distortion function h = p and has rppa(p) = rspa(p) = 0. This implies risk-
neutral behavior of the decision maker. Note that this also implies that the
expected shortfall, which is the spectral risk measure defined by the risk spec-
trum ¢p,(p) = 1O (a—p) reflects risk neutral behavior inside the range of relevant

quantiles (Acerbi, 2004).

Example 2: According to appendix [Al the exponential risk spectrum @él)(p)
of subsection corresponds to the risk spectrum <p§€1) (p) = kesz; within the

l—e—
convention of Josses described by negative numbers, adopted here. 'k]fhe dis-
tortion function follows from as h(p) = 1_’2_k o e ktdt = 11:661,5 . The
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Pratt-Arrow-coefficient is rppa (p) = k, thus reflecting a constant absolute risk
aversion.

Example 3: The risk spectrum @%2) (p), with 0 < v < 1, introduced in sub-

section corresponds to the risk spectrum @gz) = yp7~L, cf. appendix |Al Tt
has the property to induce a spectral risk measure, which falls with increasing
parameter -y, see figure This behavior becomes evident by calculating the
corresponding Pratt-Arrow-coefficient rgpa (p) = 1_77 > 0, which falls with in-
creasing <, showing that increasing v indeed corresponds to a less risk averse
behavior.

One arrives at the same conclusion using the corresponding distortion func-
tion

h(p) = /Op PP (t)dt = p.

For v increasing from close to 0 to 1, h(p) becomes less and less concave
until reaching risk neutral behavior at v = 1. The Pratt-Arrow-coefficient
rppa(p) = % > 0 illustrates this.

5 Conclusions

The relation between expected utility theory, the dual theory of choice, and
spectral risk measures has thoroughly been investigated. In particular, an an-
swer to the question of how to model subjective risk aversion with spectral risk
measures was provided. This question is far from being trivial, as was revealed
by the analysis of recent scientific approaches to this problem. It was demon-
strated that these approaches, albeit most intriguing ideas are involved, fail to
consistently model risk averse behavior of a decision maker, whose preference
relation is consistent with expected utility theory. The key problem is the use
of expected utility theory.

Using the premium principle and the result from actuarial literature, that
there is an intimate relationship between spectral risk measures and the so called
distortion risk measures, it was shown, that spectral risk measures can be used
to model any risk averse behavior of a decision maker, whose preference relation
is consistent with the dual theory of choice. Building upon this result, a local
measure for the risk aversion encoded in the risk spectrum of the spectral risk
measure was defined. These findings were illustrated on multiple examples.

A Sign conventions for measuring losses

Throughout the financial literature two sign conventions for measuring losses are
equally being used: either losses are described as negative numbers, implying
that, say, an outcome of —100$ means that a loss of 100$ is realized or losses
are described as positive numbers, implying that an outcome of 100$ means
that a loss of 100$ is realized. In this appendix, the transformation from one
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convention to the other in the context of spectral risk measures is presented to
enhance the comprehensibility of the discussions in the main text.

First, consider a financial position with random P&L-variable X and assume
that losses are described by negative numbers. Consider some spectral risk
measure

po(X) = —/0 ©(p)ax (p)dp

as defined in equation . Now require that by changing the sign of the losses,
i. e. by setting X ~ — X, the risk assigned to the P&L-variable does not change.
Formally, an equivalent risk spectrum @(z) has to be constructed, such that

pe(=X) = —p,(X) (25)

holds. Using the equality ¢x (p) = —q—x(1—p) for the quantiles, the calculation
is straightforward:

1 1
po(X) = — /O o(p)ax (p)dp = /O o(P)a_x (1 — p)dp

1
- /O o1~ P)a_x(B)dp

with the substitution p = 1 — p being made from first to second line. Thus, by
choosing

@(p) == ¢(1 —p) (26)

the required equality holds.

As examples, consider the three risk spectrums cﬁ,(gl), (,5(72) and @(yg) introduced
by Dowd et al. with the convention that losses are described by positive num-
bers, cf. section Using equation one can write down the equivalent risk
spectrums 4,0,(:), gpg) and @%3) with the convention that losses are described by
negative numbers immediately:

1 ke~ kp
L ——
o) = ypr!

P =51 —p)!

In section , the relationship between risk spectrum ¢(p) and concave

distortion function p
=—h
a ()

was derived within the convention of describing losses by negative numbers.
Switching to the convention of describing losses by positive numbers, an equiv-
alent relation

en(p)

o) = jjoh(p)
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has to hold. In order to calculate the relation between h and h, integrate the
equation above and use equation ([26)):

Rp) = /0 " p(t)dt = /0 U1~ tyat

1— 1 1=
= /1 pw(y)dy = /0 e(y)dy /0 psO(y)dy
=1- h(l — p) )

where the substitution y = 1 — ¢, equation , and the fact that ¢(p) is
normalized was used. This function A is known as conjugated distortion function
and is convex, if h is concave. This consistently reflects risk aversion within the
convention of decribing losses by positive numbers, cf. (Yaari, [1987; Denuit et al.,
2006). Furthermore

_ dh(p)  dh

o(p) = “dp = %|x=1*p = (1 —p)

holds. Within the convention of describing losses by negative numbers, the
distortion risk measure

1 1
pn(X) = — /0 ax (p)dh(p) = — /0 ZZ;CIX(P)dP

was defined, cf. equation . Using the relations derived above, the transfor-
mation to the convention of describing losses by positive numbers reads

1 1
ph(X) = - /O ax (p)dh(p) = — /0 j’;qx<p>dp

Ldn
= [ ——q-x(1—p)dp
0 dp X( )
Lan
— V7 |lz=1—p{— ~d~
/0 dwl 1-54-x (P)dp

1 37/~
- [ AP0 i

1
- [ a-xdnp
0
= 7105(*X )7
where the substitution p = 1 — p was used. The transformed result agrees with
equation (3.8) and (3.9) of (Denuit et al.l 2006]).
B Exponential utility function

In this appendix, we represent the calculation of the exponential utility function,
used as example in the discussion of the method of Sriboonchitta et al.| (2010)
in section [l
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Consider the utility function
u(z) =1—e* with k> 0. (27)

Calculate the auxiliary function fo(z) = exp [— [ u(t)dt]:

/Iu(t)dt _ /x(1 — exp[—kf])dt = z + %exp[—kx] 46

and thus

folz) = N exp {— (i expl—ka] + x>] .

The norm N will be determined below. Calculate the second auxiliary function

Fy(x) = ffoo fo(t)dt:

Fo(z) = N/; exp [— (; expl—kt] + t)] dt.

Substituting z := exp[—kt| yields

NOO

Fo(z) =

exp [—Z} AR

exp[—kzx]

Using equation (3.381.3) of |Gradshteyn and Ryzhik (1980) with u = exp[—kx],
w=1/k and v = 1/k we arrive at

Fofa) =~ v, ] = N1 /BT H,}Cexp[—kw]] |

where T' represents the incomplete Gamma function I'[a,z] = f;o ettt
(Abramowitz and Stegun, (1972, p. 260).
The norm N can be calculated from the condition

/_OO Fot)dt = Fy(oo) = 1,

yielding

N1 = (1/k) VAT [;o} — (1/k)" VAT m .

Eventually, the second auxiliary function is obtained
Fo(z) = kT ! 711“ 11, [— k] (28)
= - —, - exp|— .
0 L ]{Z’ L p

Calculate the third auxiliary function ®(Fy(z)) = Lu(x), respectively ®(p) =

d .
d Ul ey

®(p) = kexp[—kF, '(p)] = kexp[—kqx (p)]. (29)
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The quantile function gx(p) = F; L(p) cannot be expressed in a closed form.
Finally we compute the integral

1 1
A= / d(p)dp = k/ exp[—kFy ! (p)]dp.
0 0
Substituting = := Fj *(¢) yields

A= k‘/oo @exp[—kx]d:p = k/oo fo(x) exp[—kx]dzx.

oo dx
Using the density, one obtains

A= (1/k)Y*Ir m - k /oo exp [— <11 exp[—kx] + xﬂ exp|[—kx]dz,

—00

which after substituting z := exp[—kz] yields

177t feo z
_ 1/k—1 - 2l L1k
A= (1/k) r []J /0 exp [ k:] 2"z,

Equation (3.381.4) in |Gradshteyn and Ryzhik (1980) with ¢ = 1/k and v =
1/k 41 leads to

1 1
A= (1/k)Y*1r M (1/k)~Y/k=1p [k + 1] =k, (30)
where the recursion formula I'[z + 1] = 2I'[z] was used (cf. Abramowitz and
Stegunl, 1972, p. 256). Eventually, the risk spectrum
oi(p) = ®(p)/A = exp[~kE; " (p)] (31)
follows.
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