SDE
Stochastic
Differential
Equations

Nonlinear Filtering and

Maximum Likelihood Parameter Estimation of
Stochastic Differential Equations

with Panel Data

Introduction

In 1991, LSDE (Linear Stochastic Differential Equations; Singer, 1991)
was released as an SAS/IML program for the

simulation, optimal filtering and maximum likelihood estimation

of dynamic panel models.

This package implemented the linear continuous -discrete state space model
with constant parameter matrices and uniform sampling intervals
(Singer, 1991, 1993; Hamerle, Nagl and Singer, 1991).

Later, a missing data treatment was added to allow the estimation
of irregularly spaced data (Singer, 1995).

Since at that time | was dissatisfied with IML, mainly because of the
2 -dimensional data structures (matrices), | ported the code to Mathematica.

The modules for the linear systems are similar to the older SAS/IML code.
The data matrices (3-D tensors) have dimensions Y: (T+1) x p x N.

Later | developed nonlinear filters (EKF, SNF, UKF, GHF, Hermite filters,
Monte Carlo filters etc.), which were firstly designed for time series data with

data structure Y: (T+1) x p.

Application to a cross section of N time series leads to the data structure
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Y:N x (T+1) x p.
In Mathematica, one can also form the list Y = {y1,y2,...,yN}, where each yn
can have dimensions (Tn+1) x p. Thus, the time series of each panel unit n may

have different sample size Tn+1 (cf. Singer, 2006e).

The different modules are explained in example notebooks ( /SDE/applications/)
and the statistical background is described in the articles (/SDE/papers/).

The modules are explained in the m reference section.

State Space Models

For details | refer to the articles in the folder /SDE/papers and the literature
cited therein.

The formulae in the sequel are IATEX pseudo code (omitting $, & etc.)

The linear continuous-discrete state space model (Jazwinski, 1970) is

dy _n(t) =Avy_n(t) dt + B x_n(t) dt + G dw_n(t) (system model)

z n(t_ )=Hy_n(t_i)+ D x_n(t_i) + \epsilon_{ni} (measurement model)

where \epsilon_{ni} \sim N(O,R) iid. is a discrete time white noise
and dw_n(t) /dtis a continuous time white noise process.

The system model can be written as a system of vector time series
at the times of measurement {t O,t 1,...t T}
(exact discrete model)
y {n,i+1} = A* iy {ni} +B*_ix_{ni} +u_{ni} (system model)
z {ni} =H_iy {ni} + D_i x_{ni} + \epsilon_{ni} (measurement model)
with random initial condition
y_{n0} \sim N(\mu,\Sigma), i.i.d.
and the nonlinear parameter matrices
A* i &=& \exp [A(t_{i+1}-t_i)]:=\exp (A \Deltat_i)
B* i &=& AM-1}(\exp (A \Deltat_i)-I) B

\Omega*_i &=& \int_{0}{\Deltat_i} \exp (A s) G G' \exp (A's)ds.
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The nonlinear continuous-discrete state space model (Jazwinski, 1970) reads
dy_n(t) = f(y_n(t),x_n(t) ,t) dt + g(y_n(t),x_n(t) ,t) dw_n(t) (system model)

z n(t i) =h(y_n(t_i),x_n(t_i) ,t) +\epsilon_{ni} (measurement model)

It cannot be solved explicitly, except in the linear case.

m Filtering

The key tool for the estimation of the unknown parameters  in f, g, h and R
is the Kalman filter algorithm, which computes

1. recursive estimates of the states y(t)
2. the likelihood function of ¢, i.e. p(y; z_0,...z_T), the probability density of the
data z as function of .

In SDE, the approximate nonlinear filters

» EKF (extended Kalman filter)

» SNF (second order nonlinear filter)

» HNF (higher order nonlinear filter; HNF(K,L))

» UKF (unscented Kalman filter)

» GHF (Gauss-Hermite filter)

» GSF (Gaussian sum filters; using EKF, UKF and GHF updates)
» FIF (Functional integral filter; simulation of Ito sample paths)

are implemented.

Generalized Gauss-Hermite filters (using Hermite expansions of the filter density)
may be released later.

All filters can be used to compute the likelihood function of the data.
The maximum of p(y; z_0,...z_T) is computed by using a quasi Newton algorithm with
numerical score and secant updates for the model Hessian.

The modules for the linear system allow the computation of analytical score functions
and Fisher information matrices (Singer, 1993, 1995).
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m Data Structures and File Input

m Linear Models

The older code ported from LSDE (old layer) used a data structure (tensor, nested list)
with dimensions {T1,p,n}

Clear[y];

{T1, p, n} = {4, 3, 5};

Y=Array[yv {Tl, p! n}],

Y // Di nensi ons

Tabl eFor m[Y, Tabl eDirecti ons » {Col utm, Col utm, Row},

{4, 3, 5}

y[i, 1,
y[i, 2,
y[l, 3,

y(2, 1,
y[2, 2,
y[(2, 3,

Tabl eAl i gnnent s » Aut omati c,
Tabl eHeadi ngs -» None,
Tabl eSpaci ng » {6, 2, 4}]

y[1, 1
yI[1, 2
yI[1,

yl,
yl,
y 1

yl2,
yl2,
yl2,

where T1=T+1 is the number of time pointst_0,...,t T.

Thus, for each time pointt, Y[[t]] is a (p X n) matrix, e.g..

y[1, 1
yI[1, 2
yI1,

yl
yl
y 1,

yl2,
yl2,
yl2,
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Y[[1]] // MatrixForm
Y[[41] // MatrixForm

1 2 3 4 5
1|yr1, 1, 17 yi[1, 1, 27 yi[1, 1, 3] y[1, 1, 4] yI[1, 1, 5]
2\yl[1, 2, 1] yI[1, 2, 2] yI[1, 2, 3] yI[1, 2, 4] y[1, 2, 5]
3|y[1, 3, 1] yI[1, 3, 2] yI[1, 3, 3] y[1, 3, 4] y[1, 3, 5]
1 2 3 4 5
1|yf4, 1, 1] y[4 1, 2] y[4, 1, 3] y[4 1, 4] y[4, 1, 5]
2\yl(4, 2, 1] y[4, 2, 2] y[4, 2, 3] y[4, 2, 4] y[4, 2, 5]
3ly[4, 3, 1] y[4, 3, 2] y[4, 3, 3] y[4, 3, 4] y[4, 3, 5]
The vector time series y2: T1 x p for unit n=2 is obtained as
(y2=Y[[Al, All, 2]11) // MatrixForm
y2 // Di nensi ons
|1 2 3
1(y[1, 1, 2] yI[1, 2, 2] y[1, 3, 2]
2ly[2, 1, 2] y[2, 2, 2] y[2, 3, 2]
31yi3, 1, 2] y[3, 2, 2] y[3, 3, 2]
4\|\y(4, 1, 21 y(4, 2, 2] y[4, 3, 2]
{4, 3}
The neasur enment s are called
Z:T1xkxn,
the latent states are
Y:Tlxpxn
and the exgenous variables are
X:Tlxqgxn.
The state space model is
dy n(t)=Avy _n(t) dt+ B x_n(t) dt + G dw_n(t) (system model)
z n(t_i)=Hy n(ti)+Dx_n(t_i) + \epsilon_{ni} (measurement model)

The masurements z_n(t_i):= z_{ni}: k x 1 are collected in the tensor Z: T1 x k x n with a
dimension k (k = number of measured variables):
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Clear[z];

{T1, k, n} = {T1, 1, n};

Z=Array[z, {T1, k, n}];

Z // Di nensi ons

Tabl eFor m[Z, Tabl eDi recti ons -» {Col unm, Col unm, Row},
Tabl eAl i gnnents -» Left,
Tabl eHeadi ngs -» None,
Tabl eSpaci ng » {6, 2, 4}]

{4, 1, 5}

z[1, 1, 1] z[1, 1, 2] z[1, 1, 3] z[1, 1, 4] z[1, 1, 5]
z[2, 1, 1] z[2, 1, 2] z[2, 1, 3] z[2, 1, 4] z[2, 1, 5]
z[(3, 1, 1] z[(3, 1, 2] z[(3, 1, 3] z[(3, 1, 4] z[3, 1, 5]
z[4, 1, 1] z[4, 1, 2] z[4, 1, 3] z[4, 1, 4] z[4, 1, 5]

» Nonlinear Models

The nonlinear modules use a different data structure,
which is obtained from a collection of time series

Y ={yl,..,yN} NxT1xp,

where yn = {yn0,...,ynT}: T1 x p. Thus

yn=Y[[n]]: T1 x p

is a vector time series of the nth panel unit.

The nonlinear modules usually work on time series and the panel structure
is an N-fold replication of individual time series analysis

(but with cross restrictions between panel units).

The transformation of the old and new matrices is a simple transposition:

{T1, p, N} - {N, T1, p}
{231}

Thus we use the permutation {2,3,1}, i.e. T1 goes to dim 2, p goes to dim 3 and N goes to dim 1:
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Ynew = Transposel[Y, {2, 3, 1}]

Ynew // Di nensi ons

{n, T1, p}

, , }
S S S S S
AdaddadN NN NOmmn << 00m W
D OOOHMNMOHOHOHOOOOMMNMMNHOHmOHOONO O
AN O AN ANODTAN®N < AN O <

L B B T B T e R e T T I e B T e B T e e T T R

A A A AN NNNOO®MOS IO
NoaaadaaNaaNaaNaNaNNNNNNNNNN
ANt AN ANOFT AN T AN M T

S VA A W

L R B e T e B e T e T e T e B e T T e B T T e B e T R e B e e B

AAd A A NNNNOOOOOS OO WWD
A A A A A A AAAAAAAAAAAA A A
AN O ANOOSTANODTAN®N < AN O <
SV S S S D S S Sy S Sy S Sy S Sy S Sy >y >y >
N Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
— — — — —

=

{5, 4, 3}

{5, 4, 3}

Indeed, the dimensions of the new data matrix are {N,T1,p}={5,4,3}.

The reverse operation is {N,T1,p}->{T1,p,N}:
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Transpose[Ynew, {3, 1, 2}]

Yol d

Yol d // Di nensi ons

{Tl, pu

n}

, }
[ e T e T Lot W
}}}}}}}}}}}}
OLWOLWLLWLWL LWL LWL L0
TN AN AdN® AN ®
Ad AN NNOmOmO S IS

— o/, /e

TS TITIISISISTS
AN AN ANO AN ®
dTddaNNN®MmOmO SIS

S |

— o o o e e e e e

MOOMNOHHMMM®OH®HOM®
TN AN AdN® AN ®
ddd NN NS IS

— o/, — o/ /o

NN NNNNNNNNNN
AN TN TN A NO
Ad AN NN®m®m®m ST TS

M S

D e e B T I I I B I B IO |
AN AN AN® A N®
dTddaNNNMmm O S
Pl R e e e e e e e la )
B T e A i o
— — — —

—

{4, 3, 5}

{4, 3, 5}

The main advantage of the 3-dimensional list (tensor) structure is the simple

=2:

3 attime tt

picking of subtensors, e.g the data of unit nn

=2,

nn=3; tt

Al, nnl]
Al1]

Yold[[tt,

tt,

Ynew[ [nn,

{y(2, 1, 3], y[2, 2, 3], y[2, 3, 3]}

yl2, 3, 3]}

yl2, 2, 3],

{yl2, 1, 3],

or the data for panel units {1,3} at time 1

1;
Yold[[tt, All, nn]] // MatrixForm

tt

nn = {1, 3};

All1]1 7/ MatrixForm

tt,

Ynew[ [nn,

moMmom - ™M
— N ™ NN
oo i
AN > > > > >
argarnban ey
— N ™ p—
oo i)
(>N > > > >
—A N M — (N
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m 2-Dimensional Data and File Input of Data Sets

Usually, data are 2-dimensional data structures, where the dimensions are
layed out as rows and columns. For example, the tensor indices

{nt,p}, n=1,...,N; t=0,...T; p=1,...P

may be distributed as N rows and T*P columns

Clear[y];

{T1, P, n} = {4, 3, 5}; (* wite n since Nis protected x)
Y1l=Arrayly, {n, T1, P}]I;

flatten[Y1l, {2, 3}] // MatrixForm

(*Map [Fl atten, Y1L]//Matri xXFor mx) (xt he sanmex)
flatten[Y1l, {2, 3}] // Di nensions

(5, 12}

OhwWN P
NNON NN
NN NN

OhwWN
KKK <[
rwN R
PRPRPRP
e
<K<K <N
GREBRE
PRRPRP
NN NN
<K<K <|w
o wNE
PRPRPRPP
WwWwwww
<K<K <K< |~
GREBNE
NNNNN
e
<<K<<<| U,
grwNE
NNNNN
WwWwwww

Thus, the panel units n=1,..,5 are the rows,

and each row n is the vector y[[n,t,p]], t=1,...,4; p=1,...3.

Note that the index p runs faster than the index t.

Such data set may be obtained by joining the data sets

Yt: N x P for the several time points t, i.e. [YO|Y1]...]YT].

This would be a natural structure from a cross sectional point of view,

i.e. in each row we have the variables of statistical unit n as column entries.

In Mathematica notation this reads

<< Li near Al gebra’ Mat ri xMani pul ati on’

AppendRows [YL[[AIl, 1, Al 1], YL[[Al, 2, All 1], YL[[Al, 3, All11, YL[[A I, 4,
AppendRows [YL[[AIl, 1, Al 11, YL[[Al, 2, All 11, YL[[Al, 3, Al 11, YL[[A I, 4,

E 2 3 4 5 6
T|y(L, 1, 1] yi1, 1, 2] y(L, 1, 3] yIL, 2, 1] y[1, 2, 2] yI(1, 2, 3]
2ly[2, 1, 1] y[2, 1, 2] y[2, 1, 3] y[2, 2, 1] y[2, 2, 2] y[2, 2, 3]
3|y(3, 1, 1] y(3, 1, 2] y(3, 1, 3] y[3, 2, 1] y[3, 2, 2] y[3, 2, 3]
4ly[4, 1, 1] y[4, 1, 2] y[4, 1, 3] y[4, 2, 1] y[4 2, 2] y[4, 2, 3]
5|y(5 1, 1] y(5 1, 2] y[5 1, 3] y([5 2, 1] y[5, 2, 2] y[5, 2, 3]

(5, 12)

Alternatively, one may have the panel data for each variable p seperately, i.e. Y1[[AILAll,p]]: N x T1.
From this the data set [Y1]|Y1]...YP] may be obtained.
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AppendRows [YLI[[AI |, AIl, 1717, YI[[Al, All, 211, YI[[AI, All, 3111 // Matri xFor
AppendRows [YLI[[AI |, AIl, 1717, YI[[AIl, All, 211, YI[[AIl, All, 3111 // Di nensi on:

|1 2 3 4 5 6
1iy[1, 1, 1] yi[1, 2, 17 yI[1, 3, 1] yI[1, 4, 1] y[1, 1, 2] yI[1, 2, 2]
2|1y[2, 1, 1) y[2, 2, 1] y[2, 3, 1] y[2, 4, 1] y[2, 1, 2] y[2, 2, 2]
3|y[3, 1, 1] y[3, 2, 1] y[3, 3, 1] y[3, 4, 1] y[3, 1, 2] y[3, 2, 2]
4\y(4, 1, 11 y[4, 2, 1] y[4, 3, 1] y[4, 4, 1] y[4, 1, 2] y[4, 2, 2]
5|yi5, 1, 1] yI[5, 2, 1] yI[5, 3, 1] yI[5, 4, 1] y[5, 1, 2] yI[5, 2, 2]

{5, 12}
Here, the index t runs faster.

It happens very often, that N vector time series Yn: T1 x p are joined together underneath, i.e
[Y1]Y2]...[YN]': N*T1 x p

(Y2 = AppendCol ums [Y1[[1, All, AIl1], Y1[[2, All, AlTT1, YI[[3, All, All11, Y1[]|
Y2 // Di nmensi ons

1 2 3

1 |yr[1, 1, 17 y[1, 1, 2] yI[1, 1, 3]
2 |y[l, 2, 1] yI[1, 2, 2] yI[1, 2, 3]
3 |y[l, 3, 1] yI[1, 3, 2] yI[1, 3, 3]
4 |yi[1, 4, 17 yI[1, 4, 2] y[1, 4, 3]
5 ly(2, 1, 1] y[(2, 1, 21 y[2, 1, 3]
6 |y[(2, 2, 1] y[2, 2, 2] y[2, 2, 3]
7 ly(2, 3, 1] y[2, 3, 2] y[2, 3, 3]
8 |yl(2, 4, 1] y[2, 4, 2] y[2, 4, 3]
9 |y[3, 1, 1] y[3, 1, 2] y[3, 1, 3]
10|y [3, 2, 1] yI[3, 2, 2] y[3, 2, 3]
11 |y[3, 3, 1] yI[3, 3, 2] yI[3, 3, 3]
12 |y (3, 4, 1] yI[3, 4, 2] y[3, 4, 3]
13 |y[4, 1, 1] y(4, 1, 2] y[4, 1, 3]
14 |\y[4, 2, 1] y[4, 2, 2] y[4, 2, 3]
15 |y[4, 3, 1] y[4, 3, 2] y[4, 3, 3]
16 |y[4, 4, 1] y[4, 4, 2] y[4, 4, 3]
17 |y[5, 1, 1] y[5, 1, 2] yI[5, 1, 3]
18 |y[5, 2, 1] yI[5, 2, 2] y[5, 2, 3]
19 |y[5, 3, 1] yI[5, 3, 2] y[5, 3, 3]
20 |y[5, 4, 1] y[5, 4, 2] y[5, 4, 3]
{20, 3}

Y2 // I nput Form

{{yl[1, 1, 1], y[1, 1, 2], y[1, 1, 3]}, {y[1, 2, 1], y[1, 2, 2], y[1, 2, 3]},
{y[ 1’ 3’ 1] 1 y[ l’ 37 2] 1 y[ 1’ 3' 3] }’ {y[ l’ 4’ 1] 1 y[ 1’ 4' 2] 1 y[ l’ 41 3] }!

{y[2, 1, 1], y[2, 1, 2], y[2, 1, 3]}, {y[2, 2, 1], y[2, 2, 2], y[2, 2, 3]},
{y[2, 3, 1], y[2, 3, 2], y[2, 3, 3]}, {y[2, 4, 1], y[2, 4, 2], y[2, 4, 3]},
{y[3, 1, 1], y[3, 1, 2], y[3, 1, 3]}, {y[3, 2, 1], y[3, 2, 2], y[3, 2, 3]},
{y[3, 3, 1], y[3, 3, 2], y[3, 3, 3]}, {y[3, 4, 1], y[3, 4, 2], y[3, 4, 3]},
{yl4, 1, 1], y[4, 1, 2], y[4, 1, 3]}, {y[4 2, 1], y[4, 2, 2], y[4, 2, 3]},
{yl[4, 3, 1], y[4, 3, 2], y[4, 3, 3]}, {y[4 4 1], y[4, 4, 2], y[4, 4, 3]},
{y[5 1, 1], vy[5 1, 2], y[5 1, 3]}, {y[5 2, 1], y[5 2, 2], y[5 2, 3]},
{y[5 3, 1], vy[5 3, 2], y[5 3, 3]}, {y[5 4, 1], y[5 4, 2], y[5 4, 3]}}
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SetDirectory["/SDE/data/"]

Set Opti ons [Tabl eForm Tabl eDi recti ons - {Col unm, Row}, Tabl eHeadi ngs - None]
Export ["dat aset", Y2, "CSV']

11 "dataset”

/SDE/dat a
{Tabl eAl i gnnment's — Aut omati c,

Tabl eDept h —» «, Tabl eDi recti ons - {Col umm, Row},
Tabl eHeadi ngs -» None, Tabl eSpacing -» {1, 0, 1}}

dat aset

y[1, 1, 1]","y[1, 1, 2]","y[1, 1, 3]"
'y[1, 2, 1]1","y[1, 2, 2]","y[1, 2, 3]"
y[1, 3, 1]","y[1, 3, 2]","y[1, 3, 3]"
'y[1, 4, 1]","y[1, 4, 2]","y[1, 4, 3]"
y[2, 1, 1]","y[2, 1, 2]","y[2, 1, 3]"
'y[2, 2, 1]1","y[2, 2, 2]","y[2, 2, 3]"
y[2, 3, 1]","y[2, 3, 2]","y[2, 3, 3]"
'y[2, 4, 1]1","y[2, 4, 2]","y[2, 4, 3]"
'y[3, 1, 1]","y[3, 1, 2]","y[3, 1, 3]"
'y[3, 2, 1]1","y[3, 2, 2]","y[3, 2, 3]"
y[3, 3, 1]","y[3, 3, 2]","y[3, 3, 3]"
'y[3, 4, 1]1","y[3, 4, 2]","y[3, 4, 3]"
y[4, 1, 1]","y[4, 1, 2]","y[4, 1, 3]"
'y[4, 2, 1]1","y[4, 2, 2]","y[4, 2, 3]"
y[4, 3, 1]","y[4, 3, 2]","y[4, 3, 3]"
'y[4, 4, 1]1","y[4, 4, 2]","y[4, 4, 3]"
'y[5, 1, 1]","y[5, 1, 2]","y[5, 1, 3]"
'y[5, 2, 1]","y[5, 2, 2]","y[5, 2, 3]"
'y[5, 3, 1]","y[5, 3, 2]","y[5, 3, 3]"
'y[5, 4, 1]1","y[5, 4, 2]","y[5 4, 3]"

This data set can be input from a file using
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"CSV']1) // MatrixForm

(Y2i n = | nport ["dat aset "

Y2i n // Di nensi ons

[ R R e B e B e B e B e e B e R e e B e B e B e B e B e e B B}

A

O NM<TIHDON~WOO
ANMSTSOOMNOO o ed e e e N

(20, 3)

You can reshape the matrix to the required tensor structure by writing

{n, T1, p}]

Shape [Y2i n,
Y3 // Di nensi ons

Y3

}
i3S

L e B B e B e T e e B e B e T e T e B e e T e B e e B e B B B

O OONNHNOHOOONMMNOHOHOHOMNMMNHNHOHOH®MM
AN O ANOOFT AN AN o N O
ddddaAN N NN W0WLWLWw

e S W

L T e B e e T e T e T e T e B e T e T e B T T e B e T I e B e T B

— —
AN O ANOTSTANODT AN AN O <
Adddd NN NN WWOLWLW
VD D Dy Dy D D Sy Sy S Dy Dy Sy Dy Sy Sy > >y > >
N Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
— — — — —
=

{5, 4, 3}
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Numerical data can be read as well:

Y4 = Shape[60 // Range // N, {n*T1, P}]

({1., 2., 3.}, {4., 5., 6.}, {7., 8., 9.}, {10., 11., 12. 13,

(13., 14., 15.3, (16., 17., 18.}, {19., 20., 21.}, {22., 23.
(25., 26., 27.}, {28., 29., 30.}, {31., 32., 33.), {34., 35.
(37., 38., 39.), {40., 41., 42.), {43., 44., 45. ), (46., 47.
(49., 50., 51.3, {52., 53., 54.}, {55., 56., 57.}, {58., 59.

Y4[[1, 1]1] ="m ss"; (% mssing data code =x)
Y4

({nmiss, 2., 3.3}, (4., 5., 6.}, (7., 8., 9.}, {10., 11., 12.},
(13., 14., 15.3}, {16., 17., 18.}, (19., 20., 21.
(25., 26., 27.}, {28., 29., 30.}, (31., 32., 33.

- b }
- b }

{37., 38., 39.}, {40., 41., 42.}, {43., 44., 45.}, {46., 47.
b }

{49., 50., 51 {52., 53., 54.}, {55., 56., 57.

SetDirectory[" /SDE/data/"]

Set Opt i ons [Tabl eForm Tabl eDi recti ons » {Col utm, Row}, Tabl eHeadi ngs - None]

Export ["dat aset 1", Y4, "Tabl e"]
11 "dataset 1"

/SDE/dat a

{Tabl eAl'i gnnment's —» Aut omati c,
Tabl eDept h - », Tabl eDi recti ons - {Col umm, Rows},
Tabl eHeadi ngs - None, Tabl eSpacing -» {1, 0, 1}}

dat aset 1

24.
36.
48.
60.

24.
36.
48.
60.

e e e
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| mport ["dat aset 1", "Table"] // Matri xForm

1 2 3
1 |mss 2. 3.
2 |4. 5. 6.
3 |7. 8. 9.
4 110 11. 12
5 |13 14. 15
6 |16 17. 18
7 |19 20. 21
8 |22 23. 24
9 |25 26. 27

m Reference

Mathematica code is written in Courier.
The functons have 4 parameters (lists): data, parameters, system and miscellaneous.

= BFGS

Purpose: ML estimation of the parameter vector Theta with the BFGS algorithm,
using the BFGS secant update as model Hessian.
Definition:
(************************************************************************)
BFGS[ dat a_,

{THETAO_, FO_},

{system, {Lik_, LikN_, Score_, Hesse_}},

{msc_, KMAX , {EPS1_, EPS2_}, OPTI ON_, PRI NT_}]

(************************************************************************)

Input Parameters:

data: {{Zz1, X1},...,{ZN, XN} }.

Zn: T1n x k is the endogenous time series of the nth panel unit.
Xn: T1ln x q is the exogenous time series of the nth panel unit.
THETADO: u. Initial value of the parameter vector.

FO: u x u. Initial value of the BFGS update. Use | dent i t yMat ri x[ u]
or some approximation of the Fisher information matrix

(e.g. negative Hessian).

system: vector of system functions corresponding to the likelihood
function LikN. For example, using EKF,

systems{f _,Df ,g ,h ,Dh ,R ,nue_,signma_,dt }.

Lik: Name of likelihood function (don’t change).



Manual.V0.1.nb 15

LikN: Name of individual likelihood function (EKF, UKF, etc).
Score: Name of score function (don’t change).

Hesse: Name of model Hessian (Hesse or Fi sher | nf or mat i on)
misc: miscellanous parameters of LikN (e.g. {miss,option}:

miss = missing data code; option = 1: compute likelihood).

KMAX: maximal number of iterations.

EPS1: convergence bound Max[ Abs[ S] ] <EPS1

EPS2: convergence bound Max[ Abs[ STEP] ] <EPS2

Output Parameters:

Theta: Final estimate (ML estimate after convergence) after KMAX iterations.

COV: Asymptotic covariance matrix (=I nver se[ F] ).

LIKI: sequence of likelihood values.

Thetai: sequence of parameter values.

Scorei: sequence of score (gradient) values.

k: maximum number of iterations

ReturnCode:
[ f[Max[ Abs[S ]]<EPS1, Print["ReturnCode = 1"]; ReturnCode = 1];
| f[ Max[ Abs[ STEP] ] <EPS2, Print["ReturnCode = 2"]; ReturnCode = 2];
I f[ Max][ Abs[S ]]<EPS1l &&

Max[ Abs[ STEP] | <EPS2, Print[" ReturnCode = 3"]; ReturnCode = 3];

I f[LI KNEU - LIKALT < O,Print["ReturnCode = 4"]; ReturnCode = 4;Break[]];
End of iteration if noimprovementin step reduction.

Global settings:

FDI G TS=Round] - Log[ 10, $Machi neEpsi | on] | ;

TYP=1;

YMAX=1000.; (*reset value in EKF etc. to control filter divergencies*)
ANALGRAD=Fal se;

FACTOR=1. 0;

MAXSTEP=0. 1; (*use other values to tune performance*)
CSEED=- 999;

SCALI NG=1;

STEPREDUCE=4; (*use other values to tune performance*)
Fl SHER=Fal se;

PRINT={1,1,1,1,1,1,1,1} (*print all*)

OVERFLOWEFal se;

SHI FT$=10"- 8;

You can use a scaling vector SCALI NG={s1, s2, ..., su}

if some parameters strongly deviate from 1. For example, if

Thet aTrue={2, 0. 01}, one may define SCALI NG={ 1, 0. 01} and
use Thet a=Thet aTr ue/ SCALI NG. After convergence, you can
transform back to the original Thet aTr ue=Thet a* SCALI NG

s EKF

Purpose: Extended Kalman filter. Approximate computation of filtered states, filter errors and likelihood.
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Definition:
(***************************************************************)
EKF[{Z_, X_},
Theta_,
{f_,Df _,g_,h_,Dh_,R,nue_,signa_,dt_},

{m ss_,option_:1}]
(***************************************************************)

Input Parameters:

{z,X}: Z: T1 x k is an endogenous time series. X: T1 x g is an exogenous time series.
THETA: u. Value of the parameter vector.
{f ,Df ,g_,h_,Dh_,R_,mue_,sigma_,dt }: vector of system functions.
miss: missing data code
option: = 1 computation of likelihood only
= 2: computation of filtered states , filter error and likelihood : {YF,PF,lik}
= 4 computation of likelihood and innovation: {lik,inno}
=5 computation of likelihood (sum) and t th contribution : {lik,likvec}

Output Parameters:

option: = 1 computation of likelihood only: | i k
= 2: computation of filtered states , filter error and likelihood : { YF, PF, | i k}
= 4 computation of likelihood and innovation: {| i k, i nno}
= 5 computation of likelihood (sum) and conditional likelihood vector: {1 i k, | i kvec}

UKF
Purpose: Unscented Kalman filter. Approximate computation of filtered states, filter errors and likelihood

Definition:
(***************************************************************)
UKF[ {Z_, X },
Theta_,
{f _,9_,h_,R ,nue_,signma_,dt_, kappa_, nessupdate_: MessUpUKF,
ti meupdat e_: Ti meUpUKF1},
{mss_,option_:1}]:=

(***************************************************************)

Input Parameters:

{Z,X}: Z: T1 x k is an endogenous time series. X: T1 x q is an exogenous time series.
THETA: u. Value of the parameter vector.
{f ,o_,h_,R_mue_,sigma_,dt_kappa_,messupdate :MessUpUKF,timeupdate :TimeUpUKF1}: vec
miss: missing data code
option: = 1 computation of likelihood only
= 2: computation of filtered states , filter error and likelihood : {YF,PF,lik}
= 4 computation of likelihood and innovation: {lik,inno}
= 5 computation of likelihood (sum) and t th contribution : {lik,likvec}
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Output Parameters:

option: = 1 computation of likelihood only: i k
= 2: computation of filtered states , filter error and likelihood : { YF, PF, | i k}
= 4 computation of likelihood and innovation: {1 i k, i nno}
= 5 computation of likelihood (sum) and conditional likelihood vector: {1i k, | i kvec}

m to be continued, see definitions in Kalman.exakt.impl.nb etc
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