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Motivation of the Model

o Key problem in solid mechanics
e spontaneous formation of singularity

@ spontaneous = a singularity forms where one was not present initially
@ crack in a homogeneous solid

o folding

o ripples

@ damage mechanics

@ evolution of phase boundaries in phase transformations

o defects

e dislocations

]

nonlocal effects
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Clay (crack)
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Marble (crack)
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Morandi Bridge Genova (14/08/2018) (damage)
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Aluminium Tin (folding)
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Classical (local) Elasticity

X — X(t,x)

Q Qt

o Q C RN rest configuration of a material body
e p: Ry xQ — Ry mass density
e p=1
e X(t,x) deformation map
o X(t,x) position at time t of the particle in x at t =0
o u(t,x) = X(t,x)— x displacement
o u:R, xQ — RN
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U2
E[u](t)z/ﬂ( ‘ale - W(V)  |dx

~——
kinetic energy

potential energy

o u(t,x) € RN, Vu(t,x) e RV*N

@ W depends on the material

Compulsory assumption on W

@ invariance under rigid rotations
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Equation of motion

d%u = div(W/(Vu)) + b(t,x)
N——

external force

@ Newton Law F = ma

@ Conservation of momentum

Example (Linear elasticity)

_ Vu+ (Vu)T

W(Vu) = u|lE|* + %(tr(E))z, E 5

@ A, 1 Lamé coefficients

@ E symmetric part of Vu
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Approaches to deal with discontinuities

Distributional solutions of the equation of motion

@ Knowles & Sternberg - 1978
@ weak derivatives

@ It fails in case of severe discontinuities

e too much regularity
e cracks
e discontinuous displacement field

See cracks as free boundaries

@ Hellan - 1984

o redefine the body so that the crack lies on the boundary
e one need to know where the discontinuity is located
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Nonlocal Effects

Du & Lipton - 2014

Nonlinear Peridynamic Models
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() (d)

Wagnoner & Buttlar & Paulino - 2005
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Local Damage model

Coarse Mesh:

Non-local Damage model
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Waisman & Bassis & Duddu - 2021
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o

Fig. 5 Schematic representation of the cohesive zone: tran-
sition from sound material to broken material. The green ar-
rows represent the distribution of tractions over the cohesive
region.

Shakoo & Trejo-Navas & Mufioz & Bernacki & Bouchard - 2018

=] F
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Nonlocal Elasticity

Equation of motion

d%u = div (/Q K(X,y)f(Vu(t,y))dy> + b(t, x)

o Kroner - 1967

@ Eringen - 1972

@ Eringen & Edelen - 1972
@ K convolution kernel

@ still too much regularity
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Peridynamic (Silling - 2000)

Greek Etymology
peridynamic = near + force

Nonlocal Equation of motion

D2 u(t, x) = / f(x —x",u(t,x) — u(t,x"))dx" + b(t,x)
~— H(x) ~——
accelleration external forces

forces acting on x

@ Newton Law: F = ma
e H(x) = neighborhood of x
o x' € H(x) <= x’ interacts with x
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Pairwise force function f

f( i(:,f.: ,u(t,x)—u(t,x’))

x" interacts with x relative displacement

X(t,x)

N N u(t,x)-u(t,x’)

X(t,X")

u(t,x’)

Giuseppe Maria Coclite (Bari) Nonlinear Peridynamic Models Hagen 2021



@ f depends on the material

Compulsory assumption on f

@ Newton law of actio et reactio

f(x — X' u(t,x) — u(t,x’)) = —f(x/ —x,u(t,x') — u(t,x))

Example (Linear Elastic Material)

fix—x,u—u)=fo(x —x)+ AX(|x = x')(x = x") & (x = x")(u— 1)
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Micropotential & Energy

Existence of a micropotential

¢ s.t. f(y,u) =V, P(y,u)

@ semi-compulsory

Elu](t) = %/Q|8tu|2dx+ %/Q/H( )<D<x —x' u(t,x) — u(t,x/))dxdx’
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Essential Mathematical Literature

Classical solutions

@ Erbay & Erkip & Muslu - 2012

o N=1

o f(x—x,u—uv')=a(x—x")g(u—u)
@ Emmrich & Puhst - 2013

o N>1
o |[f(x—x,u—u)| <a(x—x")|u—1|

v

Weak and Measure Valued solutions
@ Emmrich & Puhst - 2015
o N>1
o f(x —x,u—u")-(u— u") quadratic positive definite form
e Polyconvexity assumptions
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Our Problem

Cauchy Problem

0%u = (Ku(t,-))(x), t>0, xcRN
u(0, x) = up(x), x € RN
0ru(0, x) = wvo(x), x € RN

Nonlocal Operator

(Ku)(x) = /B ) Fle ) = u()a

Q=RN H(x) = Bs(x) § /=0
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Assumptions on f

Regularity

o ‘fecCl
o f(u,0) =00
Symmetry

° f(_yv —U) = —f(y’ U)
o Newton law of actio et reactio
o Alternative writing

(Ku)(x) = — / ORI
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Existence of a micropotential

o f=V,o

|ul?
° O(y,u) = k| |N+ap+\lf(y,u),2§p<oo,0<a<1

° V(y,0)=0<V(y,u)

O ‘VU\U(}/, u)|> ’thlw(ya U)’ < g( ) S L/oc
e Anisotropic material

|ulP~2

d(y,u )—kuTKu| Wrap

+ V(y, u), K e RN*N

e No convexity assumptions on
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Functional spaces & Definition of Solutions

Fractional Sobolev Spaces

u(x) —u(x—y)lP  \Y/P
_ p
lollwes = ([ Jutrax+ [ [ Oy

o WP Il 1<qg<p

@ Di Nezza & Palatucci & Valdinoci - 2012

Our Functional Space W

H H H H (/ / u(x —y)[P ] >1/P
u = ||u dxdy
w LpP 5(0) |y|N+ap

oW —— L,OC
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Lemma

VUEW:KUEW’<<:>VU,VEW: (Ku)vdx<oo)

RN

v
Lemma

{un}n CW bounded

ueW s = Ku, — Ku inD’

Uy — u in L2,

\
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Definition (Dissipative Weak Solutions)

u:[0,00) x RN — RN is a dissipative weak solution if
@ ueL>®0, T;W), T>0
o J:u € L>(0,00; L?)
o forall ¢ € C*

/ /]R’V udp — )¢> dtdx

/ vo(x)p (0,x)dx+/ uo(x)0¢(0, x)dx = 0
RN RN

e E[u](t) < E[u](0),t>0

Giuseppe Maria Coclite (Bari) Nonlinear Peridynamic Models Hagen 2021 26 / 42



Existence of Solutions

Theorem (Existence)

up, Vo € L2

/ / ®(y, up(x) — uo(x — y))dxdy < oo
RN JB5(0)

4

du dissipative weak solution

Higher order approximation

0%u. = (Kuc(t,-))(x)—eA?u.
e>0 uz(0, x) = wp(x)
Oruz(0,x) = vp(x)
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Lemma (Energy Estimate)

e (2, )% + [ Aue(t, )%
+ / / Sl 59 = e 2 — )by = €
RN Bs(0)

Proof. Multiply by 0;u.. Q.E.D.

[ue(t, )]z < C(1 + 1)

Proof. .
(8, )] < Juo(x)] + / B ue(s, )| ds
0

Square both sides. Use the Holder inequality and the energy estimate.
Q.E.D.
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Compactness.

{uc}e bounded in L*(0, T; W), T >0
{Oru.}. bounded in L>(0, o0; L?)
U
u€el>®0,T;,W), T>0
Oru € L>(0, o0; L?)
u. —> u a.e. and in L

du s.t )

loc
u is a distributional solution

4

existence of a distributional solution
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Energy Dissipation.

2
E[u](0) ZM + 1/ / O(y, us(t,x) — us(t,x — y))dxdy
2 2 Jrv JBs(0)

:Hatuf(t")‘ﬁ2 +k/ / |UE(t7X)_,l;II‘1(t7X_y)|dedy
2 R’V J Bs(0 |y [N+er

/ / V(y, us(t, x) — us(t,x — y))dxdy
RN JBs(0

Hatua HL2 / / |u(t, x) ,L\',i(t7x_y)|pdxdy
RV J B5(0) |y [N Fap

/ W(y, uo(8,X) — -t x — y))ddy
Br(0) J Bs(0)

N \
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@ use convexity and the Dominated Convergence Theorem

e —0
Hé)tu HL2 / / —u(t,x —y)[P
Elu dxd
[1(0) 2 RN J B;(0) MNMP g
45 / Wy, u(t, ) — u(t x — y) ooy
Br(0) / Bs(0)
o R—

Efu)(0) = E[u](t)

4

existence of a dissipative weak solution
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The “linear” case

p=2
|uf?
° O(y,u) = k‘y|/v+2a +V(y, u)
o fy,u)=V,(y,u)=2 WJFV JV(y, u)

t,x) — u(t,x — y)
9%u(t,x) = —2k/ u( dy
tt ( ) B5(0) |y|N+2a

linear part

- / VaW(y, u(t, x) - u(t,x — y))dsdy
B;(0) (0)
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Uniqueness and Stability

u, u dissipative weak solutions

O = (Ku(t,))(x) Ol = (Ku(t,-))(x)
u(0, x) = up(x) u(0, x) = up(x)
0ru(0, x) = wvo(x) 0ru(0, x) = vo(x)
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Stability Estimate

[0¢u(t, -) — Ou(t, )“L2
/ / = u(tx = y)) = (@t ) —B(Ex =),
RN J B5(0

|y|N+2a

< e“(HVo — ol 72

k |(o(x) — wo(x — y)) — (To(x) — To(x — y))I?
"2 /]R’V /55(0) |y |[N+2e dXdy)

4

uniqueness and stability of dissipative weak solutions
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Spontaneous development of singularities

@ « can be very small
e our functional setting allows severe discontinuities

“Local” elasticity (Evans & Gariepy book - 1992)

o uc WHP(RN; RV) = dimy ({Discontinuity set of u}) < N — p

o uc H (R R?) = dimy({Discontinuity set of u}) <1

v

Peridinamic (Mingione - 2003)
o uec WYP(RN;RV) = dimy ({Discontinuity set of u}) < N — ap

o u€ H(R3R3*) = dimy ({Discontinuity set of u}) < 3 — 2«
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Riemann Problem (p =2, N =1, ¥ =0)

[
2 _ U(t,X)—U(t,X—y)
Onu(t,x) = —2k /_5 P dy, t>0,x€eR
u(0,x) =0, xeR
v if x>0
ut(O,x) =4 . B
v, ifx<0
e u(0,-) continuous
o u(t,0") —u(t,07)=m(vy —v_)t#0
@ infinite energy
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discontinuity locus
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Dispersion relation & Representation formula

(p=2, N=1, W =0)

0

t —u(t,x —
8ftu(t,x):—2k/ u(t, x) — ut, x y)dy, t>0,xeR

-5 |y [t
u(0,x) = up(x), x eR
ut (0, x) = wo(x), x €R

Representation formula

vo(¢)
w(§)

u(t,x) = /R o1 [B(€) cos (w(€) ) + & sin (w(€) 1) e
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Dispersion relation

1-— 1)
=2 [ e,

{I&I, €0 o
N peridynamic
w(e) = ¢ UElY, &= Fo0

€] wave equation

Scale effects
o o<l

1 1
o different behavior for |§| < 5 and |£] > 5
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100f---~ --=2

w§)

w§
w§

@ Logarithmic scale of w(§)

e £ and £ lines in logarithmic scale
e change of slope
e =1
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Improved LP estimates

— ~

(7o) 11 Vo 1.1
— W+ (R W (R
Dewh@, G ewhe
@
t. - < C -
[Jut, M 2wy < C |0 + w2
Ju(t, Y gy < €
1+ |x
(e, )] <
1o, v0 € S(R) = 0 € WH(R), 2 & Wil(R) J
o @?)
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Strichartz estimates

1<g<?2
0= St ey (W
- () (). sevm
\
ull tr(1,00;L0(r)) < € (Hf'H,_q(R) + HgHLq(R))
2 < p < oo, 1<r<oo
u, v € S(R) = f € WM(R), g e LI(R) J
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