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Abstract

We study ensembles of random symmetric matrices whose entries ex-
hibit certain correlations. Examples are distributions of Curie-Weiss-type.
We provide a criterion on the correlations ensuring the validity of Wigner’s
semicircle law for the eigenvalue distribution measure. In case of Curie-
Weiss distributions this criterion applies above the critical temperature (i. e.
B < 1). We also investigate the largest eigenvalue of certain ensembles of
Curie-Weiss type and find a transition in its behavior at the critical tempera-
ture.

1 Introduction

In this article we consider random matrices X y of the form

XN(lvl) XN(172) XN(LN)
Xn(21) Xn(22) ... Xn(2N)

XN: . . . (1)
Xn(N, 1) Xn(N,2) ... Xn(N,N)

The entries X (4, j) are real valued random variables varying with N.
We will always assume that the matrix X is symmetric, such that



Xn(i,7) = Xn(j,4) for all ¢, j. Furthermore we suppose that all moments
of the Xy (4, 7) exist and that E(Xy(7,7)) = 0 and E(X (i, §)?) = 1.
It is convenient to work with the normalized version Ay of X, namely
with 1
AN = ﬁXN (2
As Ay is symmetric it has exactly N real eigenvalues (counting multi-
plicity). We denote them by

AM< A< <Ay

and define the (empirical) eigenvalue distribution measure by

and its expected value o, the density of states measure by

1 N
oy = E 72@.
N

If the random variables X (i, j) are independent and identically dis-
tributed (i.i.d.) (except for the symmetry condition X (i,7) = Xn(J,1))
then it is well known that the measures oy and oy converge weakly to the
semicircle distribution o . (almost surely in the case of o). The semicircle
distribution is concentrated on the interval [—2, 2] and has a density given by
0sc(x) = 5=v/4 — 22 for x € [—2,2]. This important result is due to Eugen
Wigner [23] and was proved by Arnold [3] in greater generality, see also for
example [17], [18] or [2].

Recently, there was a number of papers considering random matrices
with some kind of dependence structure among their entries, see for exam-
ple [71, [13], [12] and [20]. In particular the papers [6], [10] and [11] con-
sider symmetric random matrices whose entries X (i, 7) and Xy (k, ¢) are
independent if they belong to different diagonals, i.e. if |i — j| # |k —¢|,
but may be dependent within the diagonals. It was in particular the work
[11] which motivated the current paper. Among other models Friesen and
Lowe [11] consider matrices with independent diagonals and (independent
copies of) Curie-Weiss distributed random variables on the diagonals. (For
a definition of the Curie-Weiss model see below).

The main example for the results in our paper is a symmetric random
matrix whose entries X (4, j) are Curie-Weiss distributed for all 4, j (with
7 < 7). The models considered in this paper also include the Curie-Weiss




model on diagonals investigated by Friesen and Lowe. For the reader’s con-
venience we define our Curie-Weiss ensemble here, but we’ll work with
abstract assumptions in the following two chapters.

In statistical physics the Curie-Weiss model serves as the easiest non-
trivial model of magnetism. There are M sites with random variables X;
attached to the sites ¢ taking values +1 (”spin up”) or —1 (”spin down”).
Each spin X; interacts with all the other spins prefering to be aligned with
the average spin ﬁ > i X j- More precisely:

Definition 1 Random variables {X;};—1 . a with values in {—1,+1} are
distributed according to a Curie-Weiss law Pg nr with parameters 3 > 0
(called the inverse temperature) and M € N (called the number of spins) if

- 1 s )2
Poa(X1=6,Xo=8,..., Xy =&uy) = Zﬁ,}\/l 37 e (26" (3)
where & € {—1,+1} and Zg 1 is a normalization constant.

For # < 1 Curie-Weiss distributed random variables are only weakly
correlated, while for 5 > 1 they are strongly correlated. This is expressed
for example by the fact that a law of large numbers holds for § < 1, but
is wrong for 8 > 1. This sudden change of behavior is called a ’phase
transition” in physics. In theoretical physics jargon the quantity 7' = % is
called the temperature and T' = 1 is called the critical temperature. More
information about the Curie-Weiss model and its physical meaning can be
found in [22] and [&].

Our Curie-Weiss matrix model, which we dub the full Curie-Weiss en-
semble, is defined through M = N? random variables {Yy (3, j Vh<ij<n
which are P ;-distributed. To form a symmetric matrix we set Xy (7,7) =
Yn(i,7) fori < jand Xn(i,7) = Yn(j,4) for i > j and define

1

Ay = —X

By the diagonal Curie-Weiss ensemble we mean a symmetric random
matrix with the random variables on the k" diagonal {i,i + k} being Pg x-
distributed (0 < k < N —land 1 < i < N — k) and with entries on
different diagonals being independent. This model was considered in [11].
For 8 < 1 we will prove the semicircle law for these two ensembles.

In the following section we formulate our general abstract assumptions
and state the first theorem of this paper which establishes the semicircle law
for our models. The proof follows in Section 3.

In Section 4 we discuss our main example, the full Curie-Weiss model,
in fact we will study various random matrix ensembles associated to Curie-
Weiss-like models. In this section we also discuss exchangeable random
variables and their connection with the Curie-Weiss model.



In Section 5 we investigate the largest eigenvalue (and thus the matrix
norm) of Curie-Weiss-type matrix ensembles both below and above the crit-
ical value g = 1.
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2 The semicircle law

Definition 2 Suppose {In} yc is a sequence of finite index sets In. A
family {Xn(p)} pely.N Of random variables indexed by N € N and (for
given N) by the set I is called an { Iy }-scheme of random variables. If the
sequence {In} is clear from the context we simply speak of a scheme.

To define an ensemble of symmetric random matrices we start with
a ‘quadratic’ scheme of random variables {Yn(i,7)} jyer, With IN =
{(4,5) |1 <i,j < N} and define the matrix entries X n(i,7) by Xn(i,7) =
Yn(i,7) fori < jand Xn(i,5) = Yn(j,1) fori > j.

Remark 3 To define the symmetric matrix X it would be enough to start
with a ‘triangular’ scheme of random variables, i.e. one with

In = {(i,j)|1 < i < j < N}, thus with M = JN(N + 1) random
variables instead of M = N? variables. To reduce notational inconvenience
we decided to use the quadratic schemes. In a slight abuse of language we
will no longer distiguish in notation between the random variables Yy (4, j)
and their symmetrized version Xy (7,7). We will always assume that the
random matrices we are dealing with are symmetric.

In this paper we consider schemes {Xn (4, j)}; j)ey,, Of random vari-
ableswith N =1,2,...and Iy = {(4,7) | 1 <4,j < N} with the following
property:

Definition 4 A scheme {Xn (i, )} is called approximately uncorre-

i,j)EIN
lated, if
l m Cg
B\ ] XnGvdn) [T XN || < 575 )
v=1 p=1
l
E (H XN(z‘V,j»?) -1 = 0 (5)
v=1
for all sequences (i1, 1), (i2,72),-- -, (i¢, je) which are pairwise disjoint
and disjoint to the sequence (u1,v1), . . . , (Um, Um ) with N-independent con-
stants Cy .



Note that for any approximately correlated scheme the mean asymptotically
vanishes, [E(Xx((i,5)))| < C10N "2 by (4), and the variance is asymp-
totically one, E(Xx(i,)%) — 1 by (5). Moreover, by (4) we also have
supy ;i ; E (Xn(4,§)?*) < oo for all k.

The main examples we have in mind are schemes of Curie-Weiss- dis-
tributed random variables (full or diagonal) with inverse temperature 5 < 1
(for details see Section 4).

Theorem 5 If{ X (i, j) }1<;<;<x is an approximately uncorrelated scheme
of random variables then the eigenvalue distribution measures oy of the
corresponding symmetric matrices Ay (as in (2)) converge weakly in prob-
ability to the semicircle law o, i.e. for all bounded continuous functions f
on R and all € > 0 we have

P('/ f(x)daN(x)—/f(x)dUsc(x) >5> — 0.

In particular, we prove the weak convergence of the density of states measure
o N to the semicircle law .. In Section 4 we discuss various examples of
approximately uncorrelated schemes.

3 Proof of the semicircle law

The proof is a refinement of the classical moment method (see for exam-
ple [2]). We will sketch the proof emphasizing only the new ingredients. As
in [2], Theorem 5 follows from the following two propositions.

Proposition 6 Forall k € N:

1 k Cyjo fork even
NE (trA ) - { 0  forkodd ©

1

oy (Qkk) denote the Catalan numbers.

where C), =

The right hand side of (6) gives the moments of the semicircle distribution
0sc- In fact, this proposition implies the weak convergence of the density of
states measures oy 10 Ogc.

Proposition 7 Forall k € N:
2

1 2 C for k even
—E |(trA* k/2 :
NZ [(tr ) ] ~ { 0 forkodd @



Observe that Proposition 6 and Proposition 7 together imply that

1 2 1 2
(NtrAk> —-E [<NtrAk>] -0 (8)

which allows us to conclude weak convergence in probability from weak
convergence in the average (see [2]).

For a proof of the above propositions, which can be found in the subse-
quent subsections, we write

E

N
1 1 . . .
NtrAk = W Z XN(21712) XN(Z277/3) ‘e XN(Zkyll)
11,82,...,0=1
1 N
= W Z XN(Z) ©))

i1i2,ip =1

where we used the short hand notation
Xn (1) = Xn(i1,72) XN (i2,73) - .. Xn(ig, 1) (10)

for i= (i1,19,...,1;). The associated k + 1-tupel (i1,42,...,4k,%1) con-
stitutes a Eulerian circuit through the graph §; (undirected, not necessary
simple) with vertex set V; = {i1,142,...,4;} and an edge between the ver-
tices v and w whenever {v, w} = {4,711} for some j = 1,...k with the
understanding that ¢; 11 = 41, a convention we keep for the rest of this pa-
per. More precisely, the number of edges v(v, w) linking the vertex v and
the vertex w is given by

v(v,w) =#{m| {v,w} = {im,imsr1}} - (11

Let us call edges e1 # eo parallel if they link the same vertices. An edge
which does not have a parallel edge is called simple. So, if e links v and w,
then e is a simple edge iff v(v, w) = 1. The graph G; may contain loops, i.e.
edges connecting a vertex v with itself. By a proper edge we mean an edge
which is not a loop. We set p(i) = # {i1, 2, ..., i} the cardinality of the
vertex set V;, i.e., the number of (distinct) vertices the Eulerian circuit visits.
We also denote by o (i) the number of simple edges in the Eulerian circuit

(i1,12, ..., 1k, 91 ). With this notation we can write (9) as
1 1 <
ko .

A = e 2 0

r=14: p(i)=r
1 k Kk
5 D DI ST NEE

r=1s=0 p(3)=

o(i)=s



The sum extends over all Eulerian circuits with k& edges and vertex set
Vi € {1,2,..., N}. To simplify future references we set

Srs = > |E[XN(@)]] (13)
p(i)=r
o(i)=s
and
S, = Y [EXND (14)

p(@)=r

Obviously p(i) and o (7) are integers with 1 < p(i) < k and
0 <o(i) < k.Forp(i) =r < N there are (];]) < NT choices for the vertex
set V;. Moreover,

#{ilp(i) =7} < N (15)
where 7, is the number of equivalence classes of Eulerian circuits of length k.
We call two Eulerian circuits (i1, 42, . .., i, 1) and (j1, j2, - - . , jk, J1) With

corresponding vertex sets V; and V; equivalent if there is a bijection ¢ :
Vi — Vj such that ¢(ir,) = jim for all m.

3.1 Proof of Proposition 6

We investigate the expectation value of the sum (12).
Lemma 8 For all k € N there is some Dy, < oo such that for all N:

Srs = Z ’E[XN(Q)” < Dy NT—8/2 16)

p(i)=r
o(i)=s
Proof. The assertion follows using (4) from the estimate |E[Xy(7)]| <
Dy N~5/2 together with (15). m
Evidently, in case r — s/2 < 1 + k/2 the term ﬁ Sy,s vanishes in
the limit. This is in particular the case if r < k/2 4+ 1. If r > k/2 4+ 1 we
use the following proposition which is one of the key ideas of our proof:

Proposition 9 Let G = (V| E) denote a Eulerian graph with r = #V and
k = #E, and let t be a positive integer such that r > % + t then G has at
least 2t + 1 simple proper edges.

We note the following Corollary to Proposition 9.



Corollary 10 For each k-tuple i we have
p(i) —o(i)/2<k/2+1.

Moreover p(i) —o(i)/2 =k/2+ 1iff p(i) = k/2+ 1 and o (i) = 0.

Proof (Corollary 10). Setr = p(i) and s = o(i).
If r < k/2 + 1 the assertion is evident.
If » > k/2 + 1 there is some ¢ € N such that

k+t< <k+t+1
= T - .
2 -2

Proposition 9 hence implies
<k +
-2

|

Postponing the proof of Proposition 9, we continue to prove Proposi-
tion 6.

From Lemma 8 and Corollary 10 we learn that

1

T Sre = 0 (17)

unless both = k/2 + 1 and s = 0.

Thus it remains to compute the number of k-tuples i, with p(i) = 1+k/2
such that the corresponding graph is a ‘doubled’ planar tree. There are C' &
different rooted planar trees with % (simple) edges, where Cy = ZJ%l (25) are
the Catalan numbers (see e.g. [19], Exercise 6.19 e, p. 219-220). Each index
i, is chosen from the set {1,..., N}. As we have 1 + k/2 different indices

there are (N+_'k/2), such choices. From this one sees that

k

. 1 A ) 1 .
Jim B (rAt) =l N %: E(Xy(i)  (I8)
r= p(i)=r
: 1 ,
= Jlim o ) E(XN()
p(i)=1+k/2,0(i)=0
!
= lim 1 N Cr = Cr.

IS

N—oo NIWR2 (N —1—k/2)! 3

This ends the proof of Lemma 6 modulo the proof of the Proposition 9. For
future purpose, we note that the above proof also shows the slightly stronger
assertion.



Corollary 11 Forall k € N:

. 1 1 _ | Crja forkeven
N TR Z EXn@] = { 0 forkodd (19)

where the above sum (in (19)) extends over all Eulerian circuits of length k.

For a proof we note that the leading contribution in the sum (18) is non-
negative. The subleading terms were already shown to vanish.

Proof (Proposition 9). If the graph G = (V, E) contains loops, we delete
all loops and call the new graph (V, E) This graph is still Eulerian and
satisfies #V > #E /2 + t. Thus without loss of generality we may assume
that (V, E) contains no loops.

We proceed by induction on the number of edges with multiplicity greater
than one. If there is no such edge, then the number of simple edges is k.
Since G is Eulerian we have k¥ > r and r > g + ¢ implies k£ > 2t and thus
the assertion.

Hence, assume there exists an edge of multiplicity m > 2. If the graph
that arises from the deletion of 2 copies of this edge is still connected, then
the resulting graph is Eulerian and denoting its number of edges by k' we

have .

>k+t>k +t4+1
r> - >
2 -2

Thus, by inductive assumption, we find at least 2¢ + 3 edges without
parallels in the reduced graph and hence at least 2¢ 4+ 2 in G.

We are left with the case that the removal of the edges disconnects the
graph into two Eulerian graphs G; = (V1, E1) and G = (V3, E2). We use
the abbreviations r; := #V; and k; := #F;. Then:

ki+1 ko+1

k
r r1+r2>2+ 5 + 5 +

Hence we can partition ¢ into integers 1, o such that
k k
ry > ?1+t1 and 79 > ;—l—tg

If, say t; < 0, then to > ¢ and the inductive assumption yields at least
2t + 1 simple edges in G5 and hence in G.

Otherwise we find at least 2¢; + 1 simple edges in each of the G; and thus
in total 2¢ + 2 > 2¢ + 1 such edges in G. ]



3.2 Proof of Proposition 7

We write the expectation value

1 2 1 . .
LB [(tr ) } - LEND NG o)
Ll
where the sum extends over all pairs of Eulerian circuits (i1, . . ., ik, 41 ) and

(41s---+ 7k, J1) of length k with vertex sets Vj and V; in {1,...,N}. We
distinguish two cases. -

In case V; N'V; # () the union of the corresponding Eulerian graphs
G;Ug;jis connected and each vertex has even degree. Therefore this union
is itself a Eulerian graph with 2k edges. The corresponding contribution to
the sum (20) is then estimated by extending the summation to all Eulerian
circuits £ of length 2k:

1 . . 1 O
Vﬂl\’/;;é@ £=(b1,... L2k)
ARG

2D
The last estimate is due to Corollary 11.
Incase V; NV = () we use the following analogue of Lemma 8.

Lemma 12 For all k € N there is some Dy, < oo such that for all N:

E X ) XN ] < DkN 12 1/ 2/ s (22)
N( ) ( )
Vi Vj——@

p(A)=r1,p(j)=r2

o(i)=s1,0(j)=s2

where the sum extends over non-intersecting pairs of Eulerian circuits of
length k.

The proof mirrors that of Lemma 8.
From Lemma 8 we know that r; — s1/2 < k/2 + 1 and likewise ry —
s2/2 < k/2 4+ 1. So the unique possibility that

81+ s9 > k42

TL+ Ty —

giving rise to a non-vanishing term in the limit, is that r; = 7o = k/2 +
1 and s; = sp = 0. Similarly as in the proof of Lemma 6 we con-
clude that in this case 7 and j constitute disjoint ’doubled’ planar trees and
E [Xn(i) Xn(j)] — 1 by assumption (5). The proof of Lemma 7 is con-
cluded using the same arguments relating the number of planar trees to the
Catalan numbers.

10



4 The Curie-Weiss model and its relatives

In this section we discuss the Curie-Weiss model and related ensembles in
the framework of general exchangeable sequences. Let us first recall:

Definition 13 A finite sequence X1, Xa, ..., X of random variables is
called exchangeable if for any permutation ™ € Sy the joint distributions
of X1, Xo,..., Xy and of Xr1), Xr(2),-- -, Xr(nr) agree. An infinite se-
quence {X;},.; is called exchangeable if any finite subsequence is.

It is a well known result by de Finetti ([9], for further developments see
e.g. [1]) that any exchangeable sequence of {—1,1}-valued random vari-
ables is a mixture of independent random variables. To give this informal
description a precise meaning we define:

Definition 14 Fort € [—1, 1] we denote by P, the probability measure
Po=3(1+t)6 + 3(1—t)6_1 on {-1,1}, ie. P(1) = 2(1+1) and
P(-1)=1%1-t). ByPM = PPM we mean the M-fold, by P® = PEY
the infinite product of this measure.

Remark 15 The measures P; are parametrized in such a way that £;(X) :=
| x dP, = t. To simplify notation, we write PM(z1,m3,...,z)r) instead of
PtM({(.ZL'l, Ly e ey $M)}>

We are now in a position to formulate de Finetti’s theorem:

Theorem 16 (de Finetti) If {X;},  is an exchangeable sequence of

{—1,1}-valued random variables with distribution P (on {—1,1}") then
there exists a probability measure 1 on [—1, 1], such that for any measurable

set S C {—1,1}":
M&=/EW$@@-

For this result it is essential that the index set I = N is infinite. In fact,
the theorem does not hold for finite sequences in general (see e. g. [1]).

Definition 17 If i is a probability measure on [—1,1] then we call a mea-
sure

Poz/ameo 23)

on {—1,1}™ a measure of de Finetti type (with de Finetti measure 11). We
say that a finite sequence {X1, Xo, ..., Xy} of random variables is of de
Finetti type if the joint distribution of the { X} Z]\i | is of de Finetti type.

The following observation allows us to compute correlations of de Finetti
type random variables:

11



Proposition 18 [f the sequence { X1, X2, ..., X} of random variables is
of de Finetti type with de Finetti measure | then for distinct i1, ... ,ix

E(Xi, Xiy ... Xip) = / t5 du(t) .
Proof. By the definition of P we have EM (X;, X;, ... Xi,.) =t£. =
Corollary 19 Suppose Py () = [ PN’ () dun(t) is a sequence of mea-

sures of de Finetti type and X n is a random matrix ensemble corresponding
to Py via Definition 2. If for all k € N

C
/ M dun(t) < g (24)

for some constants C, then Xy satisfies the semicircle law.

Proof. We prove that { X5 (7, j)} is approximately uncorrelated in the sense
of Definition 4. Since Xx(i,7)? = 1 property (5) is evident. Property (4)
follows from (24) and Proposition 18. [ |

Curie-Weiss distributed random variables turn out to be examples of
de Finetti sequences. This fact is contained in a somewhat hidden way in
physics textbooks (see for example [22, section 4-5]).

Theorem 20 Curie-Weiss (IPg nr-) distributed random variables
{X1, Xo,..., X} are of de Finetti type, more precisely

P@M(Xl = I‘l,XQ =T2y... ,XM = SL’M)
+1 —MF[;(t)/2
= z! PtM(xl,xQ,...,xM)eidt

. 12
2
where F(t) = % (% In %) +In (1 — t?) and the normalization factor is

dt.

—MFg(t) /2

givenby Z = [ “——

12



z2 1 32
Proof. Using the observation e > = (2m) 2 f_Jr;O e~ 2 75% ds (also known
as Hubbard-Stratonovich transformation) we obtain

]P)ﬁM(Xl le,Xg :.%'2,...,XM :mM)

— Zg}w%egbf(zmj)

+o0o
— ——+
N e
setting y = 4/ ﬁ 5 we obtain:
~1/2 T _u M 1 O

= Z_ ¢~ 2% cosh _ et d

(2m / Y 2M coshM y E Y

+oo M YT

_ —1/2 Z_ y—ﬁ—lncoshy) € P ] d

(2m \/ / E cosh y o(@:) y

a change ¢ = tanh y of variables gives:

| M 1
= ( 1/QZ 1 / _MFﬁ(t /2Pt(l‘1 o, ..., M)l—t2 dt

P P e~ MFp(t) /2 p
- 7 T, ) ————— dt
| Pl ean)
Above we used that for [¢| < 1 we have tanh™*(¢) = 1 In 1, % =
h?2 h?
Cos}lzy === cihsm Y = 1—tanh®y, and Incoshy = —% In(1—tanh?y).
n

Remark 21 From the above proof an alternative representation of the Curie-
Weiss probability follows. Defining the measure @, = 5 Cosh m (Y61 +

e Y0_1) and Qy its M -fold product we may write

—+00 2
5—1 —M (% +Incoshy M
PB7M($17$2,...,$M):Z / € (QB )Qy (-T]_,IEQ,...,SUM)dy .

—00

This formula occurs in the physics literature (at least in disguise).

Definition 22 Let ' : (—1,1) — R be a measurable function such that
Z = f e ]IFt(? 2 dt is finite for all N € N, then the probability measure

PN on {-1, 1Y is defined by

. . +1 " e~ NF(t)/2
Py (l‘l,xg,...,$M):Z P; ($17x27'--’xM)7dt :

1 1—¢t2
(25)
We call a measure of the form P%F a generalized Curie-Weiss measure.

13



Remark 23 Obviously, IP’%F is a measure of de Finetti type and we have
Pg v = P%'Fﬁ . Note that N and M may be different in general.
The advantage of the form (25) is that for many cases we can compute

the asymptotics of the correlation functions as N — oo using the Laplace
method:

Proposition 24 (Laplace method [16]) Suppose F : (—1,1) — R is differ-
entiable and ¢ : (—1,1) — R is measurable and for some a € (—1,1) we
have
1. infyepq 1) F(x) = F(a) and inf 1) F(x) > F(a) forallb € (a, 1).
2. F'and ¢ are continuous in a neighborhood of a.
3. Asx \, awe have
F(z) = F(a)+P (z—a) + O((z—a)’t") (26
o) = Q(z—a)" + O((x—a)) 27)
where v, A and P are positive constants and @) is a real constant and
(26) is differentiable.
4. The integral I(N) = [ e NF@) /2 ¢ (x) d is finite for all suffi-
ciently large N.

Then as N — oo
A

I(N) =~ Q r()‘) P (N)_ o~ NF(a)/2

1% v 2

where A(N) ~ B(N) means limy _; oo % = land T denotes the Gamma

function..

Remark 25 This theorem and its proof can be found in [16, Ch. 3 §7].

. . N F
We apply the Laplace method to a few interesting cases of Py~ .

Theorem 26 Let F' : (—1,1) — R be a smooth even function with F(t) —
oo ast — £1 such that f_ll e NF®) /2 g % is finite for all p > 0 and
all N big enough and suppose that F has a unique minimum in [0,1) at
t = a. Then we have for distinct X1, Xo, ... , Xg, K < M as N — o0
and uniformly in M :

1. Ifa=0and F"(0) > 0 (i. e. F has a quadratic minimum at 0), then

for K even:

1 1
EVF (X1 Xy ... Xg) ~ (k=1

(%F”(O))Kﬂ NK/2

and for K odd :
EVE (X1 Xy ... Xg) = 0.

14



2. Ifa=0and F"(0) = 0, FY(0) > 0 (i. e. F has a quartic minimum

at 0), then
for K even:
1 1
NF ~
By (X1 Xs ... Xg) =~ Ck (iF@)(O))KM NEK/4
and for K odd:
EVEF (X1 Xy ... Xg) = 0
_ T k4
where Cg = Fé) oK/4
3. Ifa > 0and F"(a) > 0 then
1 _
E%F(Xle XK) ~ 5 (CLK+CL K) .

Proof. The proof of Theorem 26 relies on the Laplace method (Proposi-
tion 24). We concentrate on the proof of case 1, the other cases are proved
by the same reasoning.

We set

+1 tK
Zom [ erron Xy
—1

Then by (25) and Proposition 18 we have ENX (X1 X5 ... Xg) = %
For K odd we have Zx = 0 since ¢(t) = ¥ is odd in this case. For even
K we have Zx = 2 Zx with Zx = fOH e~ NF®)/2 % dt. Moreover,
F(t)=F(0)+ %F”(O) + O(t%). Applying Proposition 24 both to Zx and
to Zy we obtain:

K41

o= (B (L 2 (2)1%“”1;@
K 2 %F”(O) N

1
7 N (1 2\ _NF@)
o= F(2> (;F'/(())) <N> ‘ '

Hence, we get

L

N

L

vl %
wfx

Q

()

EVF (X1 Xy ... Xg) = =
(k+1

L (54) oK /2 < 1 >
T (3) 3F7(0)
r(*) oK/2 _

The result (1) then follows from the observation that W
3
(K — 1)!! for even K. Case 2 can be handled in a similar way.

15



For case 3 we note that —a is also a minimum of the function F' since F'
. . . 1 . —a 0 a 1
is even. We devide the integral [, into four parts, namely [~ + [© + [ + [,
and observe that each of these terms has the same asymptotics as N — oo.
]

Remark 27 As a remark to the above proof we notice that under the as-
sumptions in case 1 we have

o vew dt \ [T _nem | V2 o1 1
ez — e 2 dl % —(——————
-1 I—t -1 1-1t ﬁ /%F”(O)\/N

(28)

and in case 2 we obtain

o vew dt L [T _wrw [t 1
T —— T2 dt ~ C .
(/_1 c 1—t2> /_1 ¢ 1—#2 BN1/A

2
Corollary 28 Let Fy(t) = (31n 1) +1n (1 — £2) and let M(N) be a
function of N and K < M(N) for N large enough and let X1, Xo, ... , Xk

be a sequence of distinct random variables. As before we set

NF, M) et T
-1
-1
1. For 8 < 1 we have
for K even:
K/2
NF B 1
]EM(]@)(XlXQ...XK) ~ (k-1 <1—ﬁ) NE/2
for K odd :
N
Eyon(X1 Xz .. Xg) = 0.
2. For 8 = 1 we have for a constant cx > 0:
1
for K even: IEAN/[Z{[)(Xl Xy ... Xg) = cxg NE/A
for K odd:  Ey(t(XiXs...Xx) = 0.

3. For 8 > lwe have

N Fs

Evvy

(X1 Xo ... Xk) =~ = (m(B)F + (-m(B)*) (29

N | —

where m(3) > 0 is the unique positive solution of tanh(ft) = t.

16



Proof. Let us compute the minima of the function Fg. We have:

1 (1 1+t
Fit) = —— (=1 9
s = 15 (5 BT t)

hence the possible extrema m of Fj satisfy:

11 14+ m

n—-"
2 1—-m

=Bm

or equivalently
tanh Bm =m .

For 8 < 1 the only solution is m = 0 and this solution is a quadratic
minimum since £75(0) = 2 % >0 for g < 1.

For 8 = 1 the solution m = 0 is a quartic minimums as F;'(0) = 0 and
FY(0) = 4.

For 8 > 1 the solution m = 0 is a maximum of Fig and there is a positive
solution m which is a minimum. The same is true for —m.

With this information we can apply Theorem 26. ]

Now, we discuss random matrix ensembles defined through generalized
Curie-Weiss models.

Definition 29 Suppose a« > 0 and F : (—1,1) — R is a smooth even

: ; L o=N*F(t)/2 yp _dt_
function with F(t) — oo as t — £1 and such that [~ e P 50
is finite for all p > 0 and all N big enough. Let {Yn(i,j)}1<; j<n be a
quadratic scheme of IP’%; F_distributed random variables, and set X ~N(i,7) =
Yn(i,7) for i < jand Xn(i,7) = Yn(j,1) for i > j. Then we call the
random matrix ensemble Xn(i,7) a generalized (IF’%;! F)-Curie-Weiss en-
semble.

2
Remark 30 The full Curie-Weiss ensemble is a ]P’x2 s -ensemble.

Theorem 31 Suppose the random matrix ensemble X (i, j) is a general-
ized IP’%; F_Curie-Weiss ensemble.

1. If F has a unique quadratic minimum at a = 0 and o > 1 then the
semicircle law holds for X .

2. If F has a unique quartic minimum at a = 0 and o > 2 then the
semicircle law holds for X .

17



S Largest eigenvalue

At a first glance one might expect that for matrix ensembles with general-
ized Curie-Weiss distribution the limit density of states measure p should
depend on 3, even for S < 1. After all, the correlation structure of the en-
semble depends strongly on 3: the behavior of the covariance is given by
Eg m (X1X9) = %ﬁ However, the result that the limiting eigenvalue
distribution does not depend on 3 (as long as 8 < 1) is connected with the

fact that )
1 XN
NEﬁ’NQ (tI‘ (]\[1/2) > = 1

for Curie-Weiss ensembles independent of 3 € R. In fact, whenever we
have E(Xn(i,7)) = 0 and E(Xy(4,7)?) = 1 the symmetry of the matrix
implies

2
%E (tr (ﬁ) ) = ]\;;E(XN(M)XNU, i))=1.

Thus, whenever the limiting measure o exists (and has enough finite
moments) it must have second moment [ t?do = 1.
In this section we investigate the matrix norm

% = max |\ (Aw)| = max (Ix (Aw)], v (Aw)])

4l = e

for the Curije\:f-}?eiss and related ensembles. For the ‘classical’ Curie-Weiss
ensemble P N2 ? we have:

Proposition 32 There is a constant C' such that for all 5 < 1
2
limsup Ey, " (JAn]|) < C
N—00
Proof. The expectation value of the matrix norm || A || is given by

e~ N? Fp(t) /2
NF
Pavly = 27 [T B Glan) e

Using the N x N-matrix

1 1 1

1 1 1
En = )

1 1 1



we estimate
|t

stNH> + T e

The matrix Dy = Ay — —= £y has random entries Dy (i, 7) which
VN

2 2
EN (|Anl) < B (

-

are independent and have mean zero with respect to the probability measure
PN ®. Thus we may apply [15] (after splitting Dy into a lower and uper
triangular part) and conclude that EN” (|| Dy||) < C for a constant C' < oc.

The matrix Gy = % En represents the orthogonal projection onto the
one dimensional subspace generated by the vector ny = —=(1,1,...,1).

VN
Thus ||Gn || = 1 and ||En|| = N. From Remark 27 we learn that

+1 —N2 Fg(t) /2 1
e

zZ 1 t| ————dt = C7 — .

/_1 I ——z 'N

Thus
N2 F, 1
lim su E SlA <limsup (C + C1——) = C'.
PN o0 L2 ([[AN]) < N—>oop( 1\/N)

The borderline case of generalized Curie-Weiss ensembles for Theo-

. NF . .
rem 5 is the measure £, 7. For this case the expected value of the matrix
norm does depend on /3 and goes to infinity as 5 < 1 tends to 1.

Proposition 33 For 3 < 1 we have for positive constants C, Co

1
B\2 . NF
(175) - = mpari gav)

1
3
< limsup E%QFE (l1AN]) < (6> C1+Cs.
N—oo 1- B
Proof. The argument is close to the proof of the previous Proposition 32.
We prove the lower bound, the upper bound is similar.

With the notation of the previous proof we have

t| 2 t
EN(||A > A en - BY ‘A —5H
Mlanl) = T lewl - EY(lx - x|
> |t| VN — Cq
using again the result of [15] and ||En|| = N.
Thus
+1 —N Fy(t) /2
NF, _ e B
ENS (Avl) = 27N /_1 )t — s

19



From Remark 27 we learn that

+1 —N Fg(t) /2 1/2
Zl/ |t| 617752(# ~ Cl <ﬁ> L
—1 -

hence

We turn to the case of strong correlations, in particular, we consider the
full Curie-Weiss ensemble with inverse temperature 5 > 1. It is easy to
see that for a full Curie-Weiss ensemble X (7, j) with inverse temperature
B > 1 the ‘averaged traces’

cannot converge for k large enough, in fact we have:

Proposition 34 Consider the random matrix B(®) = % with Xn sym-

metric and distributed according to the the full Curie-Weiss ensemble with
B > 1. Then for o < 1 and k large enough and even we have

1 N Xn\*
NEszﬁ <tr (NJZ> >—>oo as N — oo

and forall k > 1

Proof. We compute using (29)

1 _N2F, Xn\*
N ]EN2 (tr <]\]a>

1 N?F, o . o
= 7N1+ka E EN2 s (XN(Zl,’LQ) XN(ZQ,Z;),) ce XN(Zk,Zl))
k

11,82,...0

1 N2F, o . o
> W Z EN2 6(XN(21712)XN(Z2,13) XN(Zk,Zl))
p(i1,iz,...ip)=k
1
> WCNk m(B)F — oo for k large,

20



where again m(3) denotes the unique positive solution of tanh(ft) = ¢.
We used above, that for all correlations

N2 F, . .. ..
EN2 b (XN(Zl,ZQ) XN(ZQ,lg) XN(Zk,Zl)) > 0.

The second assertion of the Proposition follows from

1 _N2F, Xn\"
N e (“ (N)

1 N2F . . o
= W Z EN2 s (XN<11,22)XN(’LQ,23) ce XN(lk,Zl))
i1,02,.0k
k
< NITF N — 0.
Above we used that there are at most N* summand in the above sum. [}

From Proposition 34 we conclude that the eigenvalue distribution func-
tion of % converges to the Dirac measure g, while for % (v < 1) at
least the moments do not converge. For 8 > 1 the dependence (‘interac-
tion”) between the X (4, j) is so strong that a macroscoping portion of the
random variables is aligned, i.e. either most of the Xy (i, ) are equal to
+1 or most of the Xy (i, j) are are equal to —1 and there are about m(3) N2
more aligned spins than others. Moreover, for large 3, the matrix X—]\J," should
be close to the matrix

1
gn = N En
or to —G . This intuition is supported by the following observation.
e Xn o .. . N2 Fg
Proposition 35 Let By = - with X distributed according to P N2 s
then

1. For 8 < 1we have || By|| — 0 in probability.
2. For > 1 we have || By|| — m (B) in probability.

Proof. Part 1 follows from ||By| = ﬁ ||An|| and from the estimate

2
sup E%Q Fs (IlIAN||) < oo by Proposition 33.

To prove 2 we start with an estimate from below. We set ny = ﬁ (1,...,1)
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. . N2 F
and use the short hand notation [E instead of [E N2 s

E(IBv[*) = E(|Byan|?)

| X N 2
= 3 2 ED_Xn(:J)
=1 |j=1
;N
= 7 > E(Xn(1,5) Xn (1, k)
k=1
1
- = 1+N(N—I)E(XN(I,I)XN(1,2)) — m(B)?
since E( Xn(1,1) XN(1,2)) — m(B)? for B > 1 by Proposition 28. It

follows that

lim inf E(|| By nn[|**) > liminf E(|By|*)* > m(8)%* .
N—o00 N—00
We prove the converse inequality. For £ > 1 we have

E(|Bn|*) < E(tr BF")
= ;B Y Xu(ir,i2) Xnliz,is) ... Xn(iok,i1)

Let p = p(i1, 9, ...,i) denote the number of different indices among
the ij, 1. e. p(’il,ig, ... ,’L'Qk) =# {il,ig, ... ,igk} , then

1 o . .
WE Z XN(Zl,lQ)XN(ZQ,Zg) XN(ZQk,Zl) — 0
p(il,ig,‘..,igk)<2k

while

1

WE Z XN<i1,i2)XN(i2,i3) XN(iQk,i1> —>m(ﬁ)2k

p(i1,52,... 025 ) =2k
by Proposition 28.
We also have

E(|Bn|?) < E(|Bn|*)"?

€1y
Thus we have proved that
k
E(|[BwII*) = m(8)*

for all k € N. It follows that || By||*> converges in distribution to Om(B)2
hence || By|| converges in distribution to d,,(g), therefore it converges in
probability to m(/3). [

22



References

(1]

(2]

(3]

[4]

(5]

[6]

(7]

(8]

[9]

D. Aldous: Exchangeability and related topics, pp. 1-198 in: Lecture
Notes in Mathematics 117, Springer (1985).

G. Anderson, A. Guionnet, O. Zeitouni: An introduction to random
matrices, Cambridge University Press (2010).

L. Arnold: On Wigner’s semicircle law for the eigenvalues of random
matrices, 7. Wahrsch. Verw. Gebiete 19, 191-198 (1971).

Z. Bai, J. Silverstein: Spectral analysis of large dimensional random
matrices, Springer (2010).

J. Baik, G. Ben Arous, S. Péché: Phase transition of the largest eigen-
value for nonnull complex sample covariance matrices, Ann. Prob. 33,
1643-1697 (2005).

W. Bryc, A. Dembo, T. Jiang: Spectral measure of large random Han-
kel, Markov and Toeplitz matrices, Ann. Prob. 34, 1-38 (2006).

S. Chatterjee: A generalization of the Lindeberg principle, Ann.
Probab. 34, 2061-2076 (2006).

R. Ellis: Entropy, Large Deviations, and Statistical Mechanics,
Springer (1985).

B. de Finetti: Funzione caratteristica di un fenomeno aleatorio, Atti
della R. Academia Nazionale dei Lincei, Serie 6. Memorie, Classe di
Scienze Fisiche, Mathematice e Naturale, 4, 251-299 (1931).

O. Friesen, M. Lowe: The Semicircle Law for Matrices with Indepen-
dent Diagonals, J. Theoret. Probab. 26, 1084-1096 (2013).

O. Friesen, M. Lowe: A phase transition for the limiting spectral den-
sity of random matrices, Electron. J. Probab. 18, 1-17 (2013).

F. Gotze, A. Naumov, A. Tikhomirov: Semicircle law for a class of
random matrices with dependent entries, Preprint arXiv:1211.0389v2.

F. Gotze, A. Tikhomirov: Limit theorems for spectra of random matri-
ces with martingale structure, Theory Probab. Appl. 51, 42-64 (2007).

W. Kirsch: A review of the moment method, in preparation.

R. Latata: Some estimates of norms of random matrices, Proc. Amer.
Math. Soc. 133, 1273-1282 (2005).

E. Olver: Asymptotics and special functions, Academic Press (1974).

L. Pastur: Spectra of random selfadjoint operators, Russian Math. Sur-
veys 28, 1-67 (1973).

L. Pastur, M. Sherbina: Eigenvalue distribution of large random ma-
trices, Mathematical Surveys and Monographs 171, AMS (2011).

23



[19] R. Stanley: Enumerative Combinatorics, Vol. 2, Cambridge University
Press (1999).

[20] J. Schenker, H. Schulz-Baldes: Semicircle law and freeness for ran-
dom matrices with symmetries or correlations, Mathematical Research
Letters 12, 531-542 (2005)

[21] T. Tao: Topics in random matrix theory, AMS (2012).

[22] C. Thompson: Mathematical Statistical Mechanics, Princeton Univer-
sity Press (1979).

[23] E. Wigner: On the distribution of the roots of certain symmetric matri-
ces, Ann. Math. 67, 325-328 (1958).

Winfried Hochstittler winfried.hochstaettler@fernuni-hagen.de
Werner Kirsch werner.kirsch@fernuni-hagen.de
Simone Warzel warzel@ma.tum.de

24



	Introduction
	The semicircle law
	Proof of the semicircle law 
	Proof of Proposition 6
	Proof of Proposition 7

	The Curie-Weiss model and its relatives 
	Largest eigenvalue 

